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Abstract: In this paper we consider the initial value problem for a plate type equation with variable coefficients and memory in
on" (n > 1)), which is of regularity-loss property. By using spectrally resolution, we study the pointwise estimates in the spectral
space of the fundamental solution to the corresponding linear problem. Appealing to this pointwise estimates, we obtain the global
existence and the decay estimates of solutions to the semilinear problem by employing the fixed point theorem.
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1. INTRODUCTION Ck(s)<k"(s)<Ck(s),Vse(R").

In this paper we consider the following initial value problem
for a plate type equation in [J " (n > 1) :

(1=, Ju, +(1+22 )u+ au, + Box(-a, ) u = £ (u,u, Vu) (1.1)
u(x,0) =y (%), (x,0) =u, (x)

Here 0< p<2,a>0,4>0are real numbers, the

subscript t in U, and U, denotes the time derivative (i.e.,

u =o,u,u, =),

_ 1 n ij . _ H
Ag _ﬁzuﬂaxn \/Eg aXJ is the Laplace(-Beltrami)

operator associated with the Riemannian metric

g :Zn:gij (x)dx, ®dx; G =‘det(gij )‘

ij—1
. -1
and(g ! ) = (gij ) ,u=u (X,t) is the unknown function

of XeR" and t>0, and represents the transversal
displacement of the plate at the point X and T , Agun

corresponds to the rotational inertial. The term U, represents a
frictional dissipation to the plate. The term

p t p
k*(-A,) U, = Iok(t—r)(—Ag) u (7)dr
corresponds to the memory term, and k(t) satisfies the
following assumptions:

Assumption [A]. k € C? (R+) , k(S) >0, and the
derivatives of K satisfy the following conditions

—Cok(s)<k'(s)<-Ck(s),

www.ijcat.com

Where C, (i =0,12, 3) are positive constants.
We suppose the metric g satisfies the following conditions:

Assumption [B]. The matrix gij is symmetric for

each X €[] ", and there exists C, > Oand C > O 'such that

(i) gl eC” (D ”),
vxell"ael’.

(i) Clel" < 200, 0" (¥) & <G, el

vxell",Véel".

g (1) <C..

Assumption [C]. f e C” (l] n+2) and there exists 77 €[] *
satisfying 77 >1 such that f (U ) = O(|U |n) ,
as|U | —0.

It is well known that under the above assumptions, the
Laplace operatorAg is essentially self-adjoint on the Hilbert

' space H = L (D n,d,ug ) with domain C’ (D n) ,
here d,ug =+/GdX . We denote the unique self-adjoint
extension (to the Sobolev space H 2 (D n)) by the same
symbol A . The spectrum of —A is [0, +oo) , and it

) . tA
generates a contraction semi-group € ° on L” (D n )
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(1 <p< oo) , We note by our assumptions of the metric g ,

the measure d £, is equivalent to dX , and by the (functional)

calculus for pseudodifferential operators, we have the
following classical equivalence (cf. [8, 5]): ForS €[] , there

exists C > 0, such that

o S [u,(l—Ag )§ uj <C,|u

L2

C.*lul

HS

vuesS(D")  (L2)

where S (D n ) is the class of Schwartz functions.

The main purpose of this paper is to study the global
existence and decay estimates of solutions to the initial value
problem (1.1). For our problem, it is difficult to obtain
explicitly the solution operators or their Fourier transform due
to the presence of the memory term and variable coefficients.
However, we can obtain the pointwise estimate in the spectral
space of the fundamental solution operators to the
corresponding linear equation

(1—Ag )utt +(1+ A; )u +au,

+pkx(-A,) u =0 (13)

from which the global existence and the decay estimates of
solutions to the semilinear problem can be obtained. The
following are our main theorems.

Theorem 1.1 (energy estimate for linear problem). Let S > 0

s+max{1,2 p-2} (D n)

be a real number. Assume that U, € H

andU, € HS(D n),andput

Io = ||u0| Hs+max{1,2p—2} + ||u1|

Then the solution to the problem (1.3) with initial
conditionU (0) = Uy and U, (0) = U, satisfies

b GO [0 ) (0 [0 (07

and the following energy estimate:

HE S

Ju()];e + e (O
+,L:(||U(r)|: +||ut(r)|is,1)dr <CIZ.

The second one is about the decay estimates for the
solution to (1.3), which is stated as follows:

Theorem 1.2 (decay estimates for linear problem). Under the
same assumptions as in Theorem 1.1, then the solution to (1.3)
satisfies the following decay estimates:

www.ijcat.com

_g
2
)

Ju e

for0 <o <S+1, and

Ju. (£)

for0< o <s.

<Cl,y(L+t)

H stl-o

<Cl,(1+1) z,

Hs©

Theorem 1.3 (existence and decay estimates for semilinear

n
problem). Let S >§ and 0< P<2 be real numbers.

Assume thatU, € H S+max{1.2p-2] ([l n) U eH® (D n) :

and put

lo = [uollysmcizo s + [l

then there exists a small & >0, such that when | <&,
there exists a unique solution to (1.1) in

ueC®([0,50); H** (L n))mcl([o,oo);Hs(D n))

satisfying the following decay estimates:

Ju(®)

for0< o <s+1 and

Ju. (£)

for0<o <s.

<Cl,(1+t)z,  (14)

H stl-o

<Cl,(1+t)z,  (L5)

HS©

Remark 1. If the semilinear term is the form of f (U) , then

We may assume S>0(n:1)ands+122(n22) in

Theorem 1.3.

For the study of plate type equations, there are many
results in the literatures. In [4], da Luz-Chardo studied a
semilinear damped plate equation :

U, — AU, +A%u+u = f(u). (1.6)

They proved the global existence of solutions and a
polynomial decay of the energy by exploiting an energy
method. However the result was restricted to

dimension 1<N<5 | This restriction on the space
dimension was removed by Sugitani-Kawashima (see [23])
by the fundamental method of energy estimates in the Fourier
(or frequency) space and some sharp decay estimates. Since
the method of energy estimates in Fourier space is relatively
simple and effective, it has been adapted to study some related
problems (see [18, 19, 20, 24]).

For the case of dissipative plate equations of memory
type, Liu—Kawashima (see [15, 12]) studied the following
equation

U +A’u+u+k*Au=f (u),
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as well as the equation with rotational term
U, — AU, + A’u+u+k*Au= f (u,u,vu),

and obtained the global existence and decay estimates of
solutions by the energy method in the Fourier space. The
results in these papers and the general dissipative plate
equation (see [13, 14, 16, 23]) show that they are of
regularity-loss property.

A similar decay structure of the regularity-loss type was also
observed for the dissipative Timoshenko system (see [10])
and a hyperbolic-elliptic system related to a radiating gas (see
[9]). For more studies on various aspects of dissipation of
plate equations, we refer to [1, 2, 3, 7]. And for the study of
decay properties for hyperbolic systems of memory-type
dissipation, we refer to [6, 11, 22].

The results in [12] are further studied and generalized to
higher order equations in [16] and to the equations with
variable coefficients in [17]. The main purpose of this paper is
to study the decay estimates and regularity-loss property for
solutions to the initial value problem (1.1) in the spirit of [12,
15, 16, 17]. And we generalize these results to the case of
variable coefficients and semilinear equations.

The paper is arranged as follows: We study the pointwise
estimates of solutions to the problem (2.2) and (2.3) in the
spectral space in Section 2. And in Section 3, we prove the
energy estimates and the decay estimates for solutions to the
linear equation (1.3) by virtue of the estimates in Section 2. In
Section 4, we prove the global existence and decay estimates
for the semilinear problems (1.1).

For the reader’s convenience, we give some notations

which will be used below. Let F [ f ] denote the Fourier

transform of f defined by

Ff]=(&)=— [ e™f (x)dx
(27[)2 R"

L -1
and we denote its inverse transform as F .

Let L[ f] denote the Laplace transform of f defined
by

~

=|tey"

LZ(R;‘) "Z(Rxn)

[f]

He H(]'_A); f

1
here <§> = (1+ |§|2 )2 denotes the Japanese bracket.

2. Pointwise estimates in the spectral space.

We observe that the equation (1.1) ( respectively (1.3) ) is
equivalent to the following in-homeogeneous equation

www.ijcat.com

(1—Ag)utt +(1+A3)u +ﬁk(0)(—Ag)pu
+au + Bk +(-A,) u=F(tx) (21)
W (1) =k (1)

g

)"y (x)+ f (u,u,, Vu)

(respectively, F (t, X) =k (t)(—Ag )p U, (X) ).

In order to study the solutions to (2.1), we study the
pointwise estimates for solutions to the following ODEs with

parameter A €[] ’, respectively:

(1+2%)G, (t.2)+(1+4* + Bk (0) 2% )G(1, 1)
+aG, (t,4)+ Ak’ *G =0 2.2,
G(0,4)=1,G,(0,4)=0,

and

(1+ 2% Hy (. A)+(1+ 4% + Bk (0) A°° ) H (1, 2)
+aH, (t,2)+ BA*k'*H =0 (2.3,
H(0,4)=0,H,(0,4)=1,
We note thatG(t,ﬂ,) =H, (t,l)+</1>72 H (t,i) . and

apply the Laplace transform to (2.2) and (2.3) (which is
guaranteed by Proposition 1 given at the end of this section),
then we have formally that

a+(1+/12)7
L+ 27)7 + (142 + pk(0) 477 )+ ax + B LIK] () |

G(t,A)= Lr;{(

H(t’ﬂ):L;lat 2\ .2 4 (1+;LZ)2 2 |
(1+27) 2% +(1+ A% + BK(0) A%° ) + @ + BA "L[k(7) |

Now by virtue of the solutions to (2.2) and (2.3), the
solution to (2.1) can be expressed as

u(t)=G(t,A)u,+H (t,A)u,
t =)
+[ H(t-z,A)(1-4,) F(r)dr  (24)
where G (t, A) and H (t, A) ) are defined by the
measurable functional calculus (cf. [21]):
(¢ G(tA)y)=].6(t2)d(Pow).

((0, H (t,A)z//) = IR H(t,A)d(Pp.v),.
for ¢,y in the domain of G (t, A)and H (t, A)

(2.5)
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respectively, here { Pﬂ} is the family of spectral projections

1
for the positive self-adjoint operator A = (—Ag )2 . We

note that G (t, A) and H (t, A) are the solutions (formally)

to the following operator equations:

(1-44 )G, +(1+43 + Bk (0)(-A7))G
+aG,+pk'*(-A,) G=0  (26)
G(0)=1,G,(0)=0

and

(1= Ay ) Hy +(1+ A2 + Bk (0)(

-A7))H
+aH, +pk'#(-A,) H=0 (2.7)
H(0)=0,H,(0)=1

respectively, here | stands for the identity operator, and O

denotes the zero operator.

Thus estimates for U (t) can be reduced to estimates for

G (t,A)and H (t,A) in terms of (2.4).

First, let us introduce some notations. For any reasonable

complex-valued function f (t) te [0 , OO),we define

(ks £)(t):=[ k(t-2)f (z)dr,
(kOF)(t):= [ k(t=7)(f ()~ f (1))dz,
(kK £)(t):= [ k(t=2)|f (t)= £ ()] d.

Lemma 2.1. For any functionsk e C* ( R* ) and

¢eH1(R+),itholdsthat

©): (ke9)(®)=(kog)(0)+([ K (2)dr (1)

(). Re{(k*d)(OAM} =~k O()]
+§(kw><t>—§%{<ku¢>(t>—(j;k<r>dr)|¢<t>|z}
(3)- [ =([(2)lde) (o)),
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Remark 2. From Lemma 2.1 1), we have
(k*g), =k(0)g+K'*$ =k ()¢ + KO,
Now we come to get the pointwise estimates of G (t, l)

and H (t, /1) in the spectral space, and we have the

following proposition.

Proposition 1 (pointwise estimates in the spectral space).
Assume G (t,4) and H (t, A)are the solutions of (2.2) and

(2.3) respectively, then they satisfy the following estimates:

()G, (tA) +[()?6 (t.A)

+ B[ (KOG)(t,4) < Ce Wy,

And

KAH, (6 A) |2 H (LA

+ B[ (KIH)(t,2) < Ce ' a)*,
here KJG and KL H are defined as in (2.8), and

p(A)=(A)witn (A)y=(1+ A7 )2.

Proof. We only prove the estimate for G (t, /1) , and the case
for H ('[, l) can be proved in a similar way. To simplify the

notation in the following, we write G for G (t, Z,) .

Step 1. By multiplying (2.2) by Gt and taking the real part,

we have that

{lwqqr} {;(1+/14+ﬂ/12"k( )Gl }
+a|G[ +pAP Re{(k'*G)G }=0 (29)

Apply Lemma 2.1 2) to the term Re {(k' G)Gt} in (2.9),

and denote

E,(t,2) ::%(1+12)|Gt|2 +%(1+,14 + B2k (1)[Gf )

_BA
5 (kDG),

and
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2(1+/12)|G| (1+/1“)|G|+ = pA* (kIG),

Rafzc[@riaf 2ot [+ £ (ne). B4
then we obtain that

0

SE[A)+R(t)=0.  (210)

Step 2. By multiplying (2.2) byC_-] and taking the real part, we
have that

Re{(1+2°)GG| —(1+2%)[G.[
+(1+2%+ gk (0) 2%°)|G[ + og{%|e|2}t
+ AP Re{(k'*G)G}=0. (2.11)
In view of Lemma 2.1 1), we have that
Re{(k'+G)G} =Re{(k0G)G]+( [, '(r)dr|6G

=Re{(k'0G)G}+(k(t)-k(0))[G[

Denote

E, (t,2):=Re{(1+4?)GG} +%|G|2 ,

Fo(tA)=(1+ 4+ gk (1) A°)[G[ ,
R, (t.4)=(1+2°)|G - BA°" Re{(k'0G)G},
then (2.11) yields that

—E,(t,A)+F,(t,A)=R,(t, 4). (2.12)

Step 3. Define ,0(/1) =(A)7?  and set

E(t,2)=E (t,A2)+70(1)E,(t,2),
F(t.A)=F(t )+ (1)F(t.1),

R(t.2)=10(2)Ry(t.2),

Here ) is a positive constant and will be determined later.
Then (2.10) and (2.12) yields that
0
EE(t,)L)JrF(t,/i):R(t,/l). (2.13)

We introduce the following Lyapunov functions:

www.ijcat.com

R (t.2)=[G[ +mTk (t)Gf +WT(|<'UG).

From the definition of E, (t, /1) and F, (t, 1), we know

that there exist positive constants C, (i =12, 3) such that

the following estimates hold:

CiEy (1, 2) < E (1, 4) <C,Eg (1, 4),
Fl(tf;t)ZCsFo (t’ﬂ)- (2.14)

On the other hand, since

=

we know that

<c(*faf +/ef).

2)|E(tA) <7’ [G[ +(1+2*)[6f )

+yc(ﬁ/;2p (kDG)J <yC,Eq(t, ).

Choosing  suitably small such that »C, < min {&&} ,
2 2
and by virtue of (2.14), we have that

% Eo(tA)<E(t, )< Lo, (t.2). (2.15)

In view of (2.14), it is easy to verify that

F(t.2)2C,F, (t.4)+Cyp(2)(1+4° + pk(t) A%)G  (2.16)
Since

R, (t,/1)|£C£(/1>2|Gt|Z+% (O)|G|2]

2p
e ﬂ’; (KG).

We have

|R(t,zb)|37<:(l<3t|2+p<ﬂu>m k(O)IGlzj

izp "
+}/Cp(ﬁ)ﬂ2 (k0G)
S;/CSF('[,A).

Taking ¥ sufficiently small such that
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V< {%,Cﬂ,l min {%,%}},we have that
5

\R(t,ﬂ)\s%F(t,ﬂ). (2.17)

In view of (2.13), the relation (2.17) yields that

%E(t,i)+%F(t,i)£0. (2.18)

On the other hand, (2.15) and (2.16) yield that
F(t,2)=cp(A)E(t,1) (2.19)
Then (2.18) and (2.19) yield that
E(t,4)<e E(0,2) (2.20)
By virtue of (2.15) and (2.20), we get the desired results.

3. Decay estimates of solutions to the linear
problem.

In this section we shall use the functional calculus of A and
the pointwise estimates in spectral space obtained in
Proposition 1 to prove the energy estimate in Theorem 1.1 and
the decay estimates in Theorem 1.2.

Proof of Theorem 1.1. From (2.18) and (2.19) we have that
0
S E(tA)+Cr(2)E(LA)<0.

Integrate the previous inequality with respect tot and appeal
to (2.15), then we obtain

E(t.4)+] p(2)E(r.4)<CE,(1.4).  (31)
Multiply (3.1) by (/1)2(5_1) and integrate the resulting
inequality with respect to the measure d (PAUO ) Uo) , s

well as by the definition of G (t, A) in (2.5) and the

equivalence (1.2), then we obtain the following estimate

forG(t,A)UO:

G (LA +[G, (6 A)uf.
[ H

;
+ I;(”G(T,A)UOHZHS 6, (7. Ay )df

<Cluf.. (32)
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Similarly, we have

2
H s+l

n j;(||H (e A, +[H (7 A )dr

2

<Clluf... (3.3)

From (3.3), we know that

HH (tA)y

2
HS

+HHt (t,A)y,

|H(tA)u,

which implies

<Cluf,.. vues(D)t>0,  (34)

Hs+1 -

[k H A, (1-a,) e

Hs+l
< J';k(r)dril[{)e] H (r,A)(—Ag)p (1_%)71 W,
< C g, yo-292 - (3.5)

Similarly, we have

j;k(r)Ht(r,A)(—Ag)"(1—Ag)’1uodf )

< Ltk(r)dz' sup

re[O,t]

o TN (3.6)
Again from (3.3), we know that

H, (r.A) (-8, ) (L-4,) "4,

HS

2

[H (LA, <Cluf;,.. Yues(@")t>o.

H

which implies that

2

Jrk(a)H (f—O‘,A)(—Ag)p(l—Ag)fluoda dr

L .
<K, [ k(o) (=000, (-, ) s

t 2
<[kl ]

<Cluf (87)

where in the first inequality, we used the Jensen’s inequality,

H

2
dajdr

dr

HS

H(r-on)(-a,) (1-4,) s

while in the second inequality, we used the L -estimates for
the convolution operation with respect to time (or changing
the order of integration).

In a similar way, by (3.3), we have
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2

-A,) (1-4,) udo| de

H s-1

oM (=) (-, (1, "uf

[ k(o) H, (r - n)(

<[

I [ H (=0 n) (-8, ) (1-4,)

H*

ldajdz’
2

dr

H s-1

<l (29

Thus, in term of (2.4) and the estimates of (3.2)—(3.8), as
well as the fact that

u () =G, (t, A)uy +H, (t,A)u,

F (r)dr. (3.9)
with F (t,x) =k (t)(—Ag )p Uy ( X) defined in (2.1), we

have

[ H (t-,A)(1-4,)”

Juco)l

+||u

HSl HS

+ IO (||u

That is the conclusion of the theorem.

7) i' +||ut(r

):H)dfgcug.

In order to prove Theorem 1.2, we need the following lemma
which is a direct result of Proposition 1.

Lemma 3.1. With p (A1) = (A1) introduced in Proposition
P

1,G (t, i) and H (t, /1)satisfy the following estimates:

(1).|G(t, A)| < Ce™
(2).[G, (1, 4)| < Ce™ (),
(3).[H (t. )| <Ce ™y,
(1).[H, (t, )| < Ce™*",

By the above lemma, we have the following estimates:

Lemma 3.2. Let I > 0, U > O be real numbers, then the
following estimates hold:

1).Je(tLA) g, <CA+1) 2|p|,. Yo eS(0"),
(2)-Je.(t Ao, <C@+t) 2@l
(3)H (t.A)g|,, <CA+1)2|@|,s . Vo eS(DT),

(4)[H (b A) o], <C(L+1)2[g],....

NVpes(U"),

V(peS(D ").

www.ijcat.com

Proof. We only prove the case 1), but the other cases can be
deduced similarly. In view of Lemma 3.1 1) and the
functional calculus (2.5) as well as the equivalence (1.2), we
have that

|6 A, <C[ (|G A)|d(Pg.9).
<C[ (A" e d(Pg.4),
=C[ (e ™ d(Pg.)

+C[ (AT e P d(Pg.g)

=1 +1,.
It is obvious that

l,<Ce™

2
il

On the other hand,

© 2(r+v)
L <CU+t)" [ () d(Pp.0),

<c@+t” ol ..

Here
r>0,v>0,r+v<s+max{1,2p-2}.
Thus the result for the case 1) is proved.

Proof of Theorem 1.2. Let I >0, then from (2.4) we have
that

., <

Ht
J.
0

=1+1+111.
By Lemma 3.2, we know that

Ollxr +||H (t’A)ul”Hr

| +11 <CL+t) 2 | +C(L+t) 2 Ju|

And

H™ H r+vp-1 *

1l sjogk(r)HH(t—r,A)(—Ag)p(l—Ag)l“oHHr dr

Hk@HE-7,A)=8,)"A-A,) )|, dz

Vs t
SCE+1) 2 |(-A)"@W=Ag) "t [2K(2)d7

(—Ag)" (1= Ay) Uy

+Ce ™

H r+vz-1

Vs
S C(1+t) 2 ||u0||Hr+v3+2p—3 ’
where in the second step, we used the exponentially decay
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property of K(t) , which is a direct result from the
Assumption [A]. Thus, we have

H r+(vy-max{1,2 p-2}+1)-1+max{1,2 p-2}

U@, <Ca+1) 2 |u,

+CL+1) 2 |u

+(1+1) 2 lu |

H r+vp-1

H r+(v3+2 p-2-max{1,2 p—2}+1)-1+max{1,2 p-2} «

HereV, > 0,V, >0,V, > 0 satisfy

r+v, <s+max{l,2p-2},
r+v,-1<s, (3.10)
r+v,+2p-3<s+max{l,2p-2}.

Choose the smallest real numbers V,, V,, V; such that

v,—max{l,2p-2}+1>o0,

vV, 20,

V,+2p-2-max{l,2p-2}>o.

It gives that

Vv, =0,

v, =V, +max{1,2p—-2}-1,

v, =V, +max{L,2p-2}-(2p-2).

Thus, the inequality (3.10) holds with I' satisfying

0<r<s+l-o.

Taking the maximal I , i.e., I’ = S+1— o0, we obtain

Juct) s(:|0(1+t)*%.

That is the result for U(t) .

H stl-o

The estimate for U, (t) can be proved in a similar way by

just using the fact (3.9) and Lemma 3.2, and we omit the
details.

4. Global existence and decay estimates of
solutions to the semilinear problem.

In this section, by virtue of the properties of solution operators,
we prove the global existence and optimal decay estimates of

solutions to the semilinear problem by employing the
contraction mapping theorem.

From (2.1), we know that the solution to (1.1) can be
expressed as

www.ijcat.com

u(t) =G(t, A)u, + H(t,A)u,
4 j; H(t-7, AK(D)(1-A,) *(-A,) u,dr
4 j; H(t-7,A)(L-A,) ™ f (U(z), U, (7), Vu(e))dr.

Lemma 4.1 (Moser estimates). Assume that I >0 be a real
number, then

o, <C(l

Ve +lv

u”H')'

By the previous lemma and an inductive argument, we have
the following estimates:

L L

Lemma 4.2. Assume that @ >1 >1 be integers,

and I >0 be a real number, then

v, <CQul M el M
M, lul,o)

Define
X :={u e C([0,), H** (T ") N
C'([0,00), H* (U ™)); Jul| < +o2},

here
Jull, = sup sup{(L+1t)? Ju(t)],...}
0<o<s+l 120
+ sup sup{(1+t)? u,(@®)].,.. }-
0<o<s+l t>0
Proposition 2. There exists C > O such that
VOl <Clul,- (42
Proof. By the Sobolev imbedding theorems, we have
”U (t) L* <C ”U (t)“HS )

By the definition of U], and [Vul,. <Cfu
obtained the result.

H s+l we

Denote

B, ={ueX;|ul, <R},

U =(u,u,Vu),

D[U(t) = D, (1) + j; H(t-7,A)1-A,) " f(U)dr,
D, (t) =G(t, A)u, + H(t, A)u,

+j; H(t—7, A)K(£)1—A,) *(-A, ) uydz.

We will prove that U —> @®(U) is a contraction mapping
on B forsome R > 0.
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Proof of Theorem 1.3. We denote
Vi=(v,v,, V) W =(w,
DV](t) - BIW](t) =
JyHE=7.A)a-4,) (F V) = FW))()d,
Step 1: We prove:

|PIVI(t) — PIWI(V)]| -0 <

Cst) e [mll v-wl,  (42)

W, VW) ,then

and 0<o<s+1
Indeed,

|(@[v]-®[w])(t)
<([7 + jf )
[Ht—z,A)A-A,) " (F (V) - FW)()|

S(If +[0)

[Ht-7.A)A-A,)*(FV) = FW))(T)), ... d7
=1, +1,. (4.3)

In view of lemma 3.2 3), we have that

H stl-o

Hlo'

|1s

cj Lrt=) 2(F V) - W)

Hl(72 1

<CI L+t—7) 2||(f(V)— FW))(2)

Hsl(a 3)

(4.4)

By Lemma 4.2, we get that

I(F V)= FW))(2)

n-2

stl-[o—~(v-3)]

+||(V +w)(r) (% —W)(z-) L}

In view of (4.1), we have that

I(F (V)= FW))(7)
_o—(v-3)
Ca+7r) 2 |vw)l (v, w)], dz(4.5)

LetV = 0o'in (4.5), we have that

Hsl[a (v-3)] S

www.ijcat.com

I, <

1
t v a—(v -3)

C j5(1+t—r)7(1+r) v, W[ | (v —w)], d

_cj (1+—) j Q+7) 2||(v W[ [(v—w)], dz

<caity? v w2 v =), - (4.6)
LeV =0in (4.5), we have that

1, <

o-(v=3)

cj A+t-1)2(er) 2 ||(v w2 [(v—w)] dz
<cf; (1+t)T v, w2 (v —w)| d

<C j; 1+ 1)’% @+7) 2| v W) v —w)|, dz

n-1

<C(l+t) 2 ||(v W[y [l(v=w)], - (4.7)

By virtue of (4.6) and (4.7), we obtain the desired results.

Step 2. we prove:
[(@,[v]- @, [w])D),... <

ca+t) Wl | -w), . (48)
Indeed,
(@, [v]- @, [W) )],
<(fz +f0)
[H =2, M)A-2)*(FV) - FW))(2),.., dr
<(fz +fo)
[H =z, A)(f (V)= fW))(@)],,er A7

=1,+1,.

In view of Lemma 3.2 4), we have
t v
I, <C[2@+t=7) 2 |(FV) = FOW))(E)], el
t _v
=C[2+t=7) 2|(f (V) = f WO, ste 07

In a similar way to (4.6) and (4.7), we have
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I, <
t v o—(v-3)

Clz@+t=r) 2(+r) 2 [vw)} (v—w)],de

<c|; (1+%)'3 [2a+ 2) 2 v wW(v—w, dr

ccast) 2 fuw u-w], . (49)
and

I, <
o—(v-3)

Cli+t-2)2@+) 2 @, wf [(v—w),dz

_o+8 )
<cfi@+t) 2 Jvwl " Jov-w)], dr
2
t.-2 3 ~
<Cfi@+2) 2+ o) 2w v -w), de
2

o »

<SC@A+t) 2| (v, W[, J(v—w), - (4.10)

By virtue of (4.9) and (4.10), we obtain the desired results.
Combining the estimates (4.2) and (4.8), we obtain that

|ov]-@[w]|, <clv.w) Jv-w],. (411)

So far we proved that

|jo[v]-@[w]| <CR"™*|v-w],ifv,weB,.

On the other hand, ® (0)('[) =, ('[) , and from Theorem
12 we know that H(D [O]HX <G,y if |y is suitably

small. Take R = 2C, | ;. if | is suitably small such that

4.1
C,R” < E then we have that

1
fofv]-o[w]], <2 v-w,.
It yields that, forv € By,

1 1
HCI)[V]HX < H(D[O]HX +§||v||X <GC,l, +3 R=R
Thus®[v] e B;,v — ®[v]is a contraction
mapping on By .and by the fixed point theorem
there exists a unique U € By satisfying® [u]=u,
and it is the solution to the semilinear problem (1.1)

satisfying the decay estimates (1.4) and (1.5). So
far we complete the proof of Theorem 1.3.
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