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Abstract: In present study, we generalize order linked trade credit policy in three echelon supply chain system where manufacturer,
distributor and retailer are involved and manufacturer provide a delay period to distributor and distributor also provide a order linked
trade credit policy to his retailers. Whole study is discussed in time dependent production and demand rate. We model a three echelon
supply chain system as cost minimization to determine the system’s optimal cycle time. In this paper, we determine the optimal cycle
time, optimal order quantity and optimal payment time. Finally numerical examples are given to illustrate the result and the managerial

insights are also obtained.
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1. INTRODUCTION

Over the last few decades, the supply chain design and
management issues have been widely studied. Still, these are
attractive research topics, partly because of the relentless drive
to lower cost and partly because of improving service quality
through efficient information sharing/exchange among
different parties involved in the entire supply chain.

Traditionally, inventory models considered the different
subsystem in the supply chain independently. With the recent
advances in communication and information technologies, the
integration of these function are a common phenomena.
Moreover due to limited resources, increasing competition
and market globalization, enterprises are force to develop
supply chain that can respond quickly to customer need with
minimum stock and minimum service level. The cooperation
between manufacturers and retailers, Ishii et al (1988)
considered a three echelon system with one manufacturer, one
wholesaler and one retailer respectively. Haq et al (1991)
considered a three echelon system with one production
facility, several warehouses and several retailers. Woo et al
(2001) considered an integrated inventory system where a
vendor purchases and process raw materials and delivered the
finished items to multiple buyers. Rau et al (2003) developed
a multi-echelon inventory model for a deteriorating item and
derived an optimal joint total cost from an integrated
perspective among the suppliers, the producer and the buyers.
We address in this paper a three echelon supply chain with
linearly increasing time dependent demand rate, production
rate and permissible delay in payments. Under most market
behavior, permissible delay in payment can provide economic
sense for vendor because of the vendor provides a credit
period to the buyer can stimulate demand so as minimize the
vendor’s own benefits and advantage or minimize total cost.
Therefore, the extensive use of trade credit as an alternative
has been addressed by Goyal (1985) who stabilized a single
item inventory model under permissible delay in payment.
Chang (1998) developed an alternative approach to determine
the EOQ under the condition of permissible delay in
payments. Abad and Jaggi (2003) developed a seller-buyer
model with a permissible delay in payments by game theory
to determine the optimal unit price and the credit period,
considering that the demand rate is a function of retail price.
Ouyang et al. (2006) discussed a study on an inventory model
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for non instantaneous deteriorating items with permissible
delay in payments. Goyal et al. (2007) established optimal
ordering policies when the supplier provides a progressive
interest-payable scheme. Singh et al. (2007) presented an
inventory model for perishable with quadratic demand, partial
backlogging and permissible delay in payments. Liao (2008)
studied deteriorating items under two-level trade credit. Jaber
and Goyal (2008) considered channel coordination in a three-
level supply chain. They assumed that both demand and
supply are certain. Thangam and Uthaykumar (2009)
developed two echelon trade credits financing for perishable
items in a supply chain when demands on both selling price
and credit period. Singh et al (2010) developed an EOQ
model with Pareto distribution for deterioration, Trapezoidal
type demand and backlogging under trade credit policy. Chen
and Bell (2011) investigated a channel that consists of a
manufacturer and a retailer where the retailer simultaneously
determines the retail price and order quantity while
experiencing customer returns and price dependent stochastic
demand. They proposed an agreement that includes two
buyback prices, one for unsold inventory and one for
customer returns and show that this revised returns policy can
achieve perfect supply-chain coordination and lead to a win—
win situation. Singh et al (2011) developed two warehouse
fuzzy inventory models under the condition of permissible
delay in payments. Su (2012) presented an optimal
replenishment policy for an integrated inventory system with
defective items and allowable shortage under trade credit.
Singh and Singh (2012) discussed an integrated supply chain
model for perishable items with trade credit policy under
imprecise environment. Soni (2013) discussed optimal
replenishment policies for deteriorating items with stock
sensitive demand under two-level trade credit and limited
capacity. Yadav et al (2013) analyzed the retailer’s optimal
policy under inflation in fuzzy environment with trade credit.
Omar et al (2013) discussed a just-in-time three-level
integrated manufacturing system for linearly time-varying
demand process and has taken decreasing time varying
demand rate for customer. Chung and Barron (2013)
simplified solution procedure for deteriorating items under
stock dependent demand and two level trade credits in the
supply chain management.
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Supplier credit policy offered to the retailer where credit
terms are independent of the order quantity. That is, whatever
the order quantity is small or large the retailer can take the
benefits of payment delay. Under this condition, the effect of
stimulating the retailer’s demand may reduce. So, the present
study will adopt the following assumption to modify the
Goyal (1985) model. To encourage to retailer to order a large
quantity the supplier may give the trade credit period only for
a large order quantity. In other word the retailer requires
payment for a small order quantity. For this point Khouja and
Mehrez (1996) investigated the effect of supplier credit
policies where credit terms are linked to the order quantity.
There are so many researchers that have done work in this
direction as Jaggi et al. (2008) developed an optimal
replenishment decisions policy with credit-linked demand
under permissible delay in payments for retailer. Chang et al.
(2009) analyzed the optimal pricing and ordering policy for an
integrated inventory model when trade credit linked to order
quantity. Chang et al. (2010) derived the optimal ordering
policies for deteriorating items when a trade credit is linked to
order quantity.

In this study we have considered the order linked trade
credit concept in three echelon supply chain inventory model
where manufacturer also provides a delay period to his
distributor and distributor offer order linked delay period to
his retailers to promote his sell. The main purpose of this
study to discuss this order linked trade credit policy with time
dependent demand rate and production rate in three echelon
supply chain inventory model.

2. ASSUMPTIONS AND NOTATIONS

The following assumptions and notations are used to the
single channel multi-echelon supply chain system with trade
credit consideration.

2.1 Assumptions

1. The retailer’s ordering quantity from distributor has to be
on JIT basis that may require small and frequent
replenishment basis and all shipments are of equal basis.

2. Demand rate is variable and time dependent, D = a+bt
and Production rate is demand dependent, i.e. P=k D,
where a, b >0, a>band k>1

3. Manufacturer offers a certain permissible delay period to
his distributor and the distributer offers a conditional
trade credit to the retailers such as if Q, < w, the trade
credit is not permitted. Otherwise, fixed trade credit
period M is permitted. Hence, if Q, < w, pay Sq4Q; when
order is received. If Q, > w, pay S4Q; M time periods
after the order is received.

4. During the time the account is not settled, generated
sales revenue is deposited in an interest bearing account.
When T > M, the account is settled at T=M, the retailer
starts paying for the higher interest charges on the items
in stock. When T < M, the account is settled at T=M and
the retailer does not need to pay any interest charges.

5. The ordering cycle times (the time interval in successive
orders) are equal for both distribution canters and
retailers, that is same as the production cycle time of the
manufacturer.

6. There is no repair and replenishment of deteriorated
items.

7. Time horizon is infinite. S4> S, S, > Sy, Is> 1., N>M
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2.2 Notations
Manufacturer’s parameters

D annual demand rate such as D = a+Dbt where a,
b>0 and a>b

P annual production rate of manufacturer as P = kD
where k>1

A, fixed production setup cost per lot size

h stock holding cost per unit per year ($/ unit/ year)

the transportation cost of a shipment from

manufacturer to supplier

| (t) the inventory level that changes with time t during
m production period

I (t) the inventory level that changes with time t during
2 non-production period

T common cycle time of production/ordering cycle

S unit selling price per item of good quality

| annual interest rate for calculating the
manufacturer’s opportunity interest loss due to the
delay payment

TAC the annual total relevant cost of the manufacturer

m

Distributor’s parameters

A, the distributor ordering cost per shipment

h, stock holding cost per unit per year
(dollar/unit/year)

Ty, the transportation cost of receiving a shipment from
manufacturer

Ty, the transportation cost of the distributor of
delivering a shipment to retailer

N distributor’s permissible delay period offered by
manufacturer to distributor

n number of shipment per order from manufacturer to

distributor, n >1

| (t the inventory level that changes with time t during
the period T,

T, the replenishment time intervaland T, =T /n
annual interest rate for calculating the distributor
unit selling price per item of good quality

|

S

Q, shipment quantity from manufacturer to distributor
in each shipment (unit)

TAC, the annual total relevant cost of the distributor

Retailer’s parameters

A the retailer ordering cost per contract
h, stock holding cost per unit per year ($/unit/year)
T, the fixed transportation cost of receiving a shipment

from distributor ($/shipment)

shipment size from distributor to retailer in each
shipment (unit)

unit selling price per item of good quality

» O

3

number of shipment per order from distributor to
retailer m>1

minimum order quantity at which the trade credit is
permitted

M retailer’s trade credit period offered by distributor
linked to order quantity w

interest earned per dollar per year

=

®

| ; interest payable per dollar per year
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I, (t) the invgntory level that changes with time t during
the period T,

T the replenishment time interval and
T,=T,/m=T/mn

TAC  theannual total relevant cost of the retailer

3. MODEL FORMULATION

In order not to allow any shortage, the production rate P is
assumed to be higher than the time dependent demand rate of
the product through the parameter k (k>1, P=kD). Given that
in each ordering cycle, the manufacturer delivers n shipments

to the distributor and each shipment having Q, units of
products; the manufacturer uses a policy of producing nQ,

units with time dependent production rate in time T, shown in
Fig. 1(a) and 1(b).

Im(t)

Fig. 1 (a) Manufacturer inventory level with respect to time

QdW
N . |

Time
- T, - n- Shipments
T
Fig. 1(b), for Distributor
M ' . Time
T, m - Shipments

T

Fig. 1(c), for Retailers

Distributor again splits the quantity Q, into m shipments and

delivers Q, units of the products to the m retailers in each

shipment. So the inventory of the distribution centre
resembles a step function, each step having the height of

quantity Q, (Q,/m) shown in Fig. 1(c).
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3.1 Manufacturer’s model

A variable production rate starts at t=0 and continuous up to
t= T, where inventory level reaches the maximum level.

Production then stops at t= T, and the inventory gradually

depletes to zero at the end of cycle time t=T due to

consumption as shown in Fig. 1(a). Therefore, during the time
interval (0 Ty), the system is subject to the effect of
production and demand and the time interval (0 T,), the
system is subject to the effect of demand only. Then the
change in inventory level can be described by the following
differential equation

s () _ 1 g (asbt)

where 0<t<T,
dt

And dlﬂ(‘j;t(t):_(a+bt) where 0<t<T,

with conditions 1,,(0)=0 and I,,(T,)=0 Solutions of
above eq. are

Iml(t):(k—l)[aﬁ%btzj where  0<t<T,

and 1, (t):a(TZ—t)+%b(T22—t2)where 0<t<T,

In addition, from the boundary condition |, (T,)=1_,(0),

we can derive the following equation;
(k—1)[aT1+%bej=aT2 +%sz2 e (1)

The individual costs are now evaluated before they are
grouped together

1. Annual set-up cost (SCp,) = An/T

2. Annual transportation cost (TC,) = t.n/T

3. Annual stockholding cost (HC,,)

=hT_ij Iy (t)dt+T.[[2 [ (t)dt}

:hT_m{(k —1)(%an +ébeJ+(%aT22 +%bT23H

4. Opportunity interest loss per unit time in n shipments

N
IL, = JoSa [D(t)dt = Ly o 1 (aN +1sz)
T 4 T 2

The annual total relevant cost of the manufacturer
TAC,=SC,+ TC,+HC+IL, ... 2)

Determination of the values of T, and T,

In this section, we shall determine the values of T, and T,

Solving eq. (1) and T, + T, =T, we find

(bT +ka)+,/(k-1)b?T?+4(k -1)abT +k*a?

' (k-2)b
.......... &)
[(k—1)bT +ka]+/(k -1)b?T? +4(k —1)abT +k?a’
2 (k-2)b
Wherek>2 . 4)

Because if k=1 that is, production and demand rate are same,
there is no accumulation and stock will finish at the end of T;.
It means T, = 0. If k=2, the values of T, and T, are
undetermined (0/0 form), that is two time production rate of
the demand rate is not possible in this situation with this rate
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(a+bt). Therefore all discussion will be done for the value of
k>2.

Lemma 1. For positive value of T, and T,

Let us suppose that T, > 0 then

—(bT +ka)+4/(k—-1)b?T? + 4(k —1)abT +k’a”
(k=2)b

J(k=1)b?T? +4(k ~1)abT +k?a? > (bT +ka)

(k—1)b*T? +4(k —1)abT +k’a® > b*T? +k*a® + 2kabT

>0

(k—2)b*T2+2(k—2)abT >0 [k > 2, so (k-2) is a
positive number]
bT (bT +2a) >0 [If Lm > 0, then either both positive or

both negative]
Here according to the assumptions a, b, k and T all are
positive, then

(bT + 2a) > 0 is true. Therefore T, is a positive number.
And same way we can show that T, is also a positive number.

3.2 Distributor’s model
The level of inventory I, (t) gradually decreases to meet

demands to retailers. It is shown in Fig.1(b). Hence the
variation of inventory with respect to time t can be described
by the following differential equations;

dl;—t(t):—(awbt) where 0<t<T, and 1,(T,)=0,

consequently solution is given by
I, (t)=a(T, —t)+%b(T32 ~t*) where 0<t<T, and
T, =T /n and the order quantity is

Q, =14(0)=aT, +%be ...... (5)

The individual costs are now evaluated before they are
grouped together
1. Annual ordering cost (OCq) = nAy/T

2. Annual stockholding cost (excluding interest charges)

dt_ GaT += bTJ

3. The dlstrlbutor incurs two annual shipment cost element,
one for receiving shipments from manufacturer and the
other for delivering shipments to the retailers

The shipment cost for receiving (TCqyy) = Tar.V T
The shipment cost for delivering (TCg,) = tgo.mn/T

4. Opportunity interest loss per unit time in mn shipments

M
IL, = 1,.S,-mn .[ D(t)dt = 1,.S,.mn (aM +le2J
T T 2

0
5. Regarding interest earned and payable, we have
following two possible cases based on the value of Ts;
and N

Case-l when N < T3

i. Interest earned per year in n shipments

nl,.s, % nl.S, (1 1
IE, === d .(|;(T3—t)D(t)dt:Td(EaT32+ng33J
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ii. Interest payable per year in n shipments

P, =

nl..S 1 1
— [Ea(Ta—N)2+gb(2T33—3T32N+N3)}

T

Case-1l when N > T
i. Interest earned per year in n shipments

IEy, =— _er'Sd ﬁ(T3 —t)D(t)dt+(N —Tg)TJ§ D(t)dt}

0 0

“DMeSe) g (ar, s 2orz |- Larz 4 ot
T 2 27773

In this case, no interest charges are paid for the items kept in
stock, i.e. IP,, =0
Therefore, the annual total relevant cost of the distributor is

TAC,, if N<T

3

TAC,, if N=T,

TACg4 = OCy+ HCy+ TCyy + TCop + ILy + IPgy — IEqs ... (7)
TACg = OCy+ HCy+ TCyp + TCip + ILy + IP— IEgs ... (8)

TAC, = { where ... (6)

3.3 Retailer’s model
The level of inventorylr(t) gradually decreases to meet

demands to customers. It is shown in Fig.1(c). Hence the
variation of inventory with respect to time t can be described
by the following differential equations

dl(rj—t(t):—(a+bt) where 0<t<T, and I, (T,)=0,
consequently solution is given by
I,(t):a(TA—t)+%b(T‘f—t2

T,=T,/m and T,=T/mn and the order quantity is

) where 0<t<T,

Q =1,(0)=aT, +%be ......... 9)

The individual costs are now evaluated before they are
grouped together
1. Annual ordering cost (OC,) = mnA/T

2. Annual stockholding cost (excluding interest charges)

mnh, % mn.h,
HC, === [ 1 (t)dt = aTi+= bT
T 3 T 2

3. The transportation cost for receiving shlpments from
distributor TC, =z mn/ T

4. Regarding interest earned and payable, we have
following three cases based on the values of Q, w, M
and T,.

Case-1 when Q, <w

According to assumption, the trade credit is not permitted.
The retailer must pay Sq.Q, when the order is received.
Therefore,

(i) Inthis case, no earned interest, i.e., 1E,, =0

(ii) Interest payable for the items kept in stock per year in mn
shipments
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nl,.S,
IP jt D(t 1aT2 —bT3
T 2 4

Case-2 when Q, > w, the fixed credit period M is permitted.
Therefore two cases arise

Case-2.1whenM < T,
(i) Interest earned per year in mn shipments

mn.l_.S
|E2_—mnl S th )t == ’[%anJr%bej

r

(ii) Interest payable per year in mn shipments

P mnl J'tD
d..S
:mnTp d(%a(Tf—Mz)+%b(Tf—M3)j

Case-2.2 when M >T,
(i) Interest earned per year in mn shipments

IE,, w{j(n —t).D(t)dt +(M —TA)T D(t)dt}

0 0

= —mn._ll_e.S, {M (aT4 +%bej—(%an +%bT43ﬂ

(i) In this case, no interest charges are paid for the items kept
instock.i.e. IP, =0
Therefore, the annual total relevant cost of the retailers is
TAC,, if Q. <w
whenQ, >w
TAC, = . Where  .......... (10)
TAC,, if M<T,

TAC,, if M=>T,

TAC,, =0OC,+ HC, +TC, +IPy —IEqy  eveenn (1)
TAC,=0C,+ HC, +TC, + P, —IE, e (12)
And

TAC;=0C,+HC, +TC, +IPs—IE5  eveennn, (13)

Finally, the annual total cost of the entire supply chain TCS is
composed of the manufacturer’s annual cost TAC,, the
distributor’s annual cost TACy and retailer’s annual cost
TAC,. It is important to note that having cycle time T and
permissible delay periods N and M incur different annual cost
to the distributor and retailer. Hence, the annual total relevant
cost of the entire system will also be different for different
cases

Case-l when N < T3

The annual total cost of the system can be written as

TCS, if Q,<w (a)
whenQ, > w

TCsS, if M <T, (b)

TCS, if M >T, (c)

TCS“ =

Where
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TCS, =TAC, +TAC,, +TAC,,

TCS, =TAC, +TAC,, +TAC,, and

TCS, =TAC,, +TAC,, +TAC,,

Case-1l when N > T;

TCs, if Q,<w (a)
whenQ, > w

TCS”? = .
TCsS, if M <T, (b)
TCS, if M >T, (c)
......... (15)
Where
TCS, =TAC,, +TAC,, +TAC,, ,
TCS, =TAC_, +TAC,, +TAC,, and

TCS, =TAC, +TAC,, +TAC,,

This study develops an integrated production-inventory model
with a certain permissible delay in payment for distributor and
retailers. An approximate models with a single manufacturer a
single distributor and a single retailer is developed to derive
the optimal production policy and lot size. Since T,=T/mn,
T5=T/n and the values of T, and T, are from eq. (3) and (4),
the problem can stated as an optimization problem and it can
be formulated as

Minimize: TCS (m, n, T) = TACy, + TAC4 +TAC, ......... (16)

Subject: 0<T,0<m,0<n ... a7
4, SOLUTION PROCEDURE

The optimization technique is used to minimize (16) to derive

T as follow;
Stepl. Since the number of delivery per order m and n are an

integer value, start by choosing an integer value of m,n >1
Step2. Take the derivative of TCS (m, n, T) with respect to T
and equate the result to zero.

TCS'(m,n,T)=0 and solving for T
Step3. Find those values of T from step 2 for that
TCS* (m,n,T)>0

Stepd. Using these values of T in eq. (16) and find the
minimum value of TCS

Step5. Repeat steps 2 and 3 for all possible values of m, n
until the minimum TCS (m”, n", T") is found. The TCS (m",
n", T) values constitute the optimal solution that satisfy the
condition mentioned in step 3.

Step6. Derive the T,", T,, Ts, T4» Qm, Q4 Q) TACn,

TAC, ", TAC,”
5. NUMERICAL EXAMPLES

Optimal production and replenishment policy to minimize the
total system cost may be obtained by using the methodology
proposed in the proceeding section. The following numerical
examples are illustrated the model. The values of parameters

adopted in this study are A, =500, A, =300,
A, =100, 7, =300, 1y, =70, T;,, =150,
T, =50, I,=02, I, =03, I, =0.1,
I, =015,s, =85, =10,5, = 12, h =2
h;=3h.=5a=10b=5 k=3, M= 2,

N = 3. The computational results are shown below as
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Forn =2, m=23andw=25

Using eq. 14 (a) we found the value of T = 3.02 then
T, = 3.8, I,=54, T;=45 T,=1.,5,
@, = 20 and the optimal value of the total system cost

TS5 = $659. We can see that the results we have found
from this analysis satisfied conditions
N = Tyand @, < w, i. e. There is no permissible
delay to the retailer.

Forr =1, m =2 and w= 25

Using eq. 14 (b) we found the value of T = 4,70 then
I,=188 T,=1282 I;=470 T, =2.35
@@, = 37 and the optimal value of the total system cost

TCS = 3565, We can see that the results we have found

from this analysis satisfied
Q.=w, N £ ToandM <T,

conditions

Forn=1, m = 3 and w = 25

Using eq. 14 (c) we found the value of T' = 5.40 then
I,=216, T,=324, T;=0540T,=1.4,
@@, = 28 and the optimal value of the total system cost
TCS = $586. We can see that the results we have found

from this analysis satisfied conditions
Q.=w, N £ ToandM =T,

Forre =3, m =1 andw= 30

Using eq. 15 (a) we found the value of T' = 7.7 then
I,=308 T,=462 T,=28 T,=2.4,
@, = 25 and the optimal value of the total system cost
TCS = 3712 We can see that the results we have found
from this analysis satisfied

conditionsN = Ty and @, < w, i. e There is no
permissible delay to the retailer.

Forrt =4, m = 2 and w= 30

Using eq. 15 (b) we found the value of T' = 11.6 then
T, =464, T,=696 T,=29 T, =145

@, = 40 and the optimal value of the total system cost

TCS5 — 3682, We can see that the results we have found
from this analysis satisfied
Q.=w, N < TyandM =T,

conditions

Forn =4, m=1andw= 30

Using eq. 15 (c) we found the value of ' = 10.22 then
Ir,=408 T,=613, T,=25 T,=2.5
1. = 42 and the optimal value of the total system cost
TCS = %664, We can see that the results we have found
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from this analysis satisfied conditions

Q.=w, N < ToandM =T,
6. CONCLUSION

Using various methods to reduce costs has become the major
focus for supply chain management. In order to decrease the
joint total cost, the manufacturer, distributor and retailer are
willing to invest in reducing the different costs. This paper
develops the integrated manufacturer-distributor-retailer
models with different type of permissible delays in payments
(manufacturer offers distributor and distributor provides order
linked trade credit to the retailer) to determine the optimal
replenishment time interval and replenishment frequency to
reduce the total system costs to the all. We have provided an
example, discussed all the cases and found the results that
satisfied all the required conditions. We have used some
realistic costs like transportation cost and cost for opportunity
interest loss due to permissible delay. The proposed model
can be extended in several ways. For example, we may
generalize the model to allow for imperfect production
process and deteriorating items.
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