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Abstract: In this paper, a new class of intuitionistic fuzzy topological spaces called pairwise ordered intuitionistic
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1. INTRODUCTION

After the introduction of the concept of fuzzy sets by Zadeh
[12], several researches were conducted on the generalisations
of the notion of fuzzy set. The concept of “Intuitionistic fuzzy
sets” was first published by Atanassov and many works by the
same author and his colleagues[1,2 ] appeared in the
literature. An introduction to intuitionistic fuzzy topological
space was introduced by Dogan Coker[5]. In this paper a new
class of intuitionistic fuzzy topological spaces namely,
pairwise ordered intuitionistic fuzzy £ — extremally

disconnected spaces is introduced by using the concepts of
ordered fuzzy topology and fuzzy bitopology.

2. PRELIMINARIES

Definition 2.1.[1]. An intuitionistic fuzzy set (IFS, in
short) A in X is an object having the form

A= {X,,uA(X), v,(X)/ xe X }where the  functions
My X =1 and v, X — | denote the degree of
membership (namely £, (X)) and the degree of non-

membership (namely 0, (X)) of each element X € X to
the set A on a nonempty set X and
0< g (X)+0,(X) <1for each X e X . Obviously
every fuzzy set A on a nonempty set X is an I[FS’s A and B be
in the form A = {X, 22, (X),1— 12, (X)/ x € X }

Definition 2.2.[1]. Let X be a nonempty set and the
IFS’s A and B be in the form

A={X, 1, (X), 05(X)/ x € X},
B ={X, 15 (X),05(X)/ x € X } and let
A={Aj : j € J}be an arbitrary family of IFS’s in X.
Then we define

(i) AcBif and only if 2,(X)< g(X) and

VA (X) 205 (X) forall Xe X .

(ii) A=Bifandonlyif Ac BandB c A.

(iii) A= {X,0,(x), 1, (X)/ x € X }.

(iv) AnB={x 1za(¥) Mg (), 0a () Uog (X)/ x € X}.
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(V) AUB={x ua(¥) U ug(x),0a(X) "og(x)/xe X}

(vi) 1. ={(x1,0)x € X}and
0_ ={(x,01)x e X}.

Definition 2.3.[5]. An intuitionistic fuzzy topology
(IFT, in short) on a nonempty set X is a family 7 of an
intuitionistic fuzzy set (IFS, in short) in X satisfying the
following axioms:

@iy 0-,1-er.

i) ANA ecforanyA, A eT.

(i) UA, erforany A jel .
In this paper we denote intuitionistic fuzzy topological space
(IFTS, in short) by (X , Z'),(Y , K) or X,Y. Each IFS which
belongs to 7 is called an intuitionistic fuzzy open set (IFOS,

in short) in X. The complement A of an IFOS A in X is
called an intuitionistic fuzzy closed set(IFCS, in short). An IFS
X is called intuitionistic fuzzy clopen (IF clopen) iff it is both
intutionistic fuzzy open and intuitionistic fuzzy closed.

Definition 2.4.[5]. Let (X,7) be an IFTS and
A= {X,,uA(X), UA(X)} be an IFS in X. Then the fuzzy
interior and closure of A are denoted by
(i) cl(A)=N{K:KisanIFcsinXand Ac K }.
iy int(A)=U{G: G is an IFOS in X and
Gc AL
Note that, for any IFS A in (X,7), we have
cl(A) =int(A) and int(A) =cl(A).
Definition 2.10.[10].Let A be an IFTS (X, 7). Then
A is called an intuitionistic fuzzy { open set( IFSOS, in
short) in X if Ac bcl(int(A)).
Definition 2.11.[10]. Let Abe an IFTS (X, 7). Then
A is called an intuitionistic fuzzy & closed set (1FSCS | in
short) in X if Dint(cl(A))cA.
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Definition 2.12.[10]. Let f : X =Y froman IFTS
X into an IFTS Y. Then f is said to be an Intuitionistic
fuzzy é’ continuous (IFg cont, in short)[11] if

f(B) e IFCOS(X) forevery B e k.

Definition 2.12.[8]. An ordered set on which there is
given a fuzzy topology is called an ordered fuzzy topological
space.

Definition 2.12.[7]. A fuzzy bitopological space is a
triple (X,7,,7, <) where X is a set and 7,7, are any
two fuzzy topologies on X.

3. PAIRWISE ORDERED
INTUIIONISTIC FUZZY
¢ —EXTREMALLY DISCONNECTED

SPACES
Definition 3.1. Let (X, 7) bean IFTS. Let A be any

intuitionistic fuzzy ¢ open set (in short, 1FZOS)in
(X,7).1f IFLCI(A) is 1FS open, then (X, 7) is said
to be intuitionistic fuzzy ¢ — extremally disconnected (in
short, £ — extremally disconnected).

Proposition 3.2. Let (X,¢) is an intuitionistic fuzzy
¢ space. Then the following statements are equivalent.

() (X,7) isanintitionistic fuzzy ¢ extremally
disconnected space.

(i) Foreach IFSCS set A we have IFS int(A)
is intuitionistic fuzzy ¢ closed.

(iii) Foreach IFSOS set A, we have
IFCCl(IFCint(A)) = IFCTI(A).

(iv) For each pair of IFCOS AandBin (X,7), we
have

IFCel(A) = B, IF¢el(B) = | FCel(A)
Proposition 3.3. Let (X,7) bean IFTS. Then
(X, 7) isintuitionistic fuzzy ¢ extremally disconnected
space if and only if for any IFSOS Aand IFSCS B such
that Ac B, IFSCI(A) < IFS int(B).

Notation 3.4. An IFS which is both IFOS and
IFSCS s called intuitionistic fuzzy ¢ clopen set.
Remark 3.5. Let (X, 7) is intuitionistic fuzzy

¢ basically disconnected space. Let {A ,Ei/i € N} be
collection such that Ai‘s are |FSOS and Bi‘s are

IFSCS sets. If A, c Ac Bj and A cBc Bj for
all I, j € N , then there exists an |FCCOGF set C such
that IFSCI(A) = C < IFSint(B;) forall
i,jeN.
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Theorem 3.6. Let (X, 7) is intuitionistic fuzzy
¢ basically disconnected space. Let {A, },.o and

{Bq }qEQ be monotone increasing collections of an

IFSOS setsand IFSCS of (X, 7). Suppose that

Ay < By, whenever 0; <0, (Qis the set of all rational
numbers). Then there exists a monotone increasing collection

{C,}4cq of an IFCCOGF sets of (X, 7) such that
IFcel(A,) =Cy, and

Cp < IFZint(B,,) whenever g, < (.
Notation 3.7. 1°(A) denotes increasing intuitionistic

fuzzy interior of A, | (A) denotes increasing intuitionistic
fuzzy closure of A.
Definition 3.8. Let (X, 7,<) be an ordered IFTS and

let Abeany IFSin (X,7,<), Ais called increasing
IF¢ openif Ac | (1°(A)). The complement of an
increasing IFSOS is called decreasing |FS closed.
Definition 3.9. Let (X, 7) bean IFTS. For any IFS A
in (X,7,5),
I ' (A) = increasing intuitionistic fuzzy
¢ closure of A
=1 {B/B isan increasing
intuitionistic fuzzy ¢ closed setand B o A},
D '™ (A) = decreasing intuitionistic fuzzy
¢ closure of A
=1 {B/ B isan decreasing
intuitionistic fuzzy ¢ closed setand B > A},
| °'F¢ (A) = increasing intuitionistic fuzzy
¢ interior of A
=U {B/B isanincreasing
intuitionistic fuzzy ¢ opensetand B < A},
D' (A) = decreasing intuitionistic fuzzy
¢ interior of A
=U {B/B isanincreasing
intuitionistic fuzzy ¢ opensetand B < A},
Clearly, '™ (A) (resp. D'™ (A) ) is the

smallest increasing (resp. decreasing) intuitionistic fuzzy
¢ closed set containing A and | OFC(A) (resp.

D% (A) ) is the largest increasing (resp. decreasing)

intuitionistic fuzzy é’ open set contained in A.
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Proposition 3.10. For any IFS A of an ordered
intuitionistic fuzzy topological space (X ,7,<), the
following statements hold :

(l) I IFS (A) — D0|F§ (A)
Gy D' (A) =1 (A)
Gi) 1°7(A)=D"™(A)
iv) D (A)=1"(A)
Definition 3.11. Let (X, 7,7, <) beanordered IF
bitopological space. Let A be any 7, —increasing (resp.
. . IF¢
decreasing) IFSOS in (X, 7,7, <).1f 1. (A)
(resp. Dflz':g(A) is 7, — increasing (resp. decreasing)
IFSOS inc, then (X,7,,7, <) issaid to be 7, —upper
(7, —lower) IF{ — extremally disconnected. Similarly we
can define 7, — upper (7, — lower) |F{ — extremally
disconnected. An IFTS (X, 7,,7, <) issaid to be pairwise
upper |F& — extremally disconnected if it is both
7, —upper | F& — extremally disconnected and
7, — upper | F& — extremally disconnected. Similarly we
can define pairwise lower |F¢ — extremally disconnected.
An IF bitopological space (X, 7,,7, <) is said to be
pairwise ordered | Fé’ — extremally disconnected if it is
both pairwise upper | — extremally disconnected and
pairwise lower |FF¢ — extremally disconnected.
Proposition 3.12. For an ordered IF bitopological
space (X,7,,7, <) the following statements are
equivalent:
(i) (X,7,,7, <) is pairwise upper
IF& — extremally disconnected
(i) For each 7, —decreasing IFSCS A,
DToleg (A) is 7, — decreasing IFSCS
A, Dgng (A) is 7, —decreasing 1F¢ closed.
(iii) For each 7, —increasing |FSOS A,
IFC 7y IFC _ 1 FC .
D, (1,7 (A) = (1.7 (A).similarly, for
IFC 7y IFC _ 1 IFC
e DI (11 () = (117 (A).
(iv) For each pair of a 7, —increasing 7, — increasing
IFSOS Aand 7, —decreasing IFSOS B in
T _
(X,7,,7, <) with |T2 (A) =B,
IF¢ _ IR - .
D, °(B)=1.7 (A).similarly, for each pair

ofa 7, —increasing |FSOS A and

www.ijcat.com

7, — decreasing IFCOS B in (X, 7,,7, <)
T IFC (RY _ | IFC
with 1. (A)=B, D~ (B)=1_"(A).
Proposition 3.13. Let (X,7,,7, <) bean ordered IF
bitopological space. Then (X ,7,,7, <) is pairwise
ordered IFQ' — extremally disconnected space if and only if

fora 7, —decreasing IFSOS Aand 7, — decreasing
IFSCS Bsuchthat A B, we have

D™ (A) = D™ (B).

Notation 3.14. An ordered IFS which is both decreasing
(resp. increasing) |FSOS and IFSCS s called a

decreasing (resp.increasing) |FSCOS .

Remark 3.15. Let (X,7,,7, <) be a pairwise upper
IF& — extremally disconnected space. Let

{A ,E/i € N} be a collection such that A; ‘s are

7, —decreasing IF{OS , Bi*s are 7, — decreasing
IFSCS and let A, B be 7, —decreasing IFSOS and
T-increasing |FCOS respectively. If A, < A< B; and
A = Bc B forall i, j € N, then there exists a 7,
and 7, — decreasing |FSCOS C such that

DTIIFg(A‘) cCc Dg'Fé(Bj) forall i, je N .
Proposition 3.16. Let (X,7,,7, <) be a pairwise
ordered 1F¢ — extremally disconnected space. Let
(Ag)qeo and (B ), be the monotone increasing
collections of 7, —decreasing IF{OS and

7, — decreasing |IFSCS of (X,7,,7, <) respectively
and suppose that Aq1 c qu whenever ¢, < {, (Qisthe

set of rational numbers). Then there exists a monotone
increasing collection (C ), of 7; and 7, — decreasing

IFSCOS of (X,7,,7, <) such that

12 OIF,
D, (Aql) cC, and C, =D, (B, ) whenever
0: <Q,.
Definition 3.17. An intuitionistic fuzzy real line is the
set of all monotone decreasing IFS A € ' satisfying

U{A®):teR}=1_and N{A(t):teR}=0_
after the identification of an IFSs A, B € R (1) ifand
only if A(t-)=B(t-) and A(t+)=B(t+) for all t € R where
At-) =M{A(s):s <t} and

A(t+) = {A(s) : s > t}.

The intuitionistic fuzzy unit interval 1 (1) is a subset of
R(1) such that [ A] € I (1) if the membership and
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nonmembership of an IFS line R(1) A € ¢ are defined
by
1t<0

/uA(t) :{O,t o1

respectively.
The natural intuitionistic fuzzy topology on $R(1) is

generated from the subbasis {L,, R, : S <t} where
Lt,Rt: R(I)—> 1(1) are given by L [A] = A(t-)
and R,[A] = A(t+) respectively.

Definition 3.18. Let (X, 7,7, <) bean ordered IF
bitopological space. A function T : X — R(I) is said to

0,t<0
and v, () = 1t>1

be lower (resp. upper) intuitionistic fuzzy ¢ continuous

function if T (R, )(f (L)) isan IFZOS set, for
each

Notation 3.19. Let X be any nonempty set and

Aec ™ Thenfor X € X, <gr,(X),0,(X) > is
denoted by A™.

Proposition 3.20. Let (X,7,,7, <) bean ordered IF

bitopological space , A € £ * bean 7, —IFS, and let
f 1 X — R(I) be such that

1",t<0
f(X){A)=<A",0<t<1 forall Xxe X andt € R.
0 ,t>1

Then f is 7, — lower(resp.upper) intuitionistic fuzzy
¢ continuous function if and only if A isan 7, —increasing
or 7, —decreasing 1FZOS.

Definition 3.21. Let (X, 7,7, <) bean ordered IF
bitopological space. The characteristic function of IFS A in X
is the function ¥, : X — I (I) defined by

ra(X)=A", xeX.

Proposition 3.22. Let (X,7,,7, <) bean IFTS and
let Ae " bean 7, —IFS. Then y, is 7, — lower
(resp. T, —upper) continuous if and only if A is an

7, —increasing or 7; —decreasing |FZOS .
Proof. The proof follows from Proposition 4.1.
Definition 3.23. Let (X,7,,7, <) and

(Y, x,, Kk, <) be ordered IF bitopological spaces. A
function f :(X,7,,7,) > (Y,x,,K,) iscalled
T, —increasing (resp. 7; —decreasing) intuitionistic fuzzy
strongly é/ continuous (in short, 7; —increasing(resp.
T, —decreasing)IFstrongly strongly é/ continuous ) if

f (A) is 7, —increasing (resp. 7, — decreasing)
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IF £ clopenin (X,7,,7, <) forevery S and S;
IFSOS in (Y, x,,k, <).Iff isboth 7, —increasing
and 7, —decreasing IFstrongly é’ continuous, then it is
called ordered 7; — IF strongly § continuous.

Proposition 3.24. Let (X,7,,7, <) bean ordered IF

bitopological space. Then the following statements are
equivalent.

() (X,7,,7, <) is pairwise ordered
IF¢ — extremally disconnected .
@) 1f g,h: X > R(l),gis 7, —lower
IF { continuous function, his 7, — upper
IF ¢ continuous function and g < h, then there
existsan 7, and 7, increasing
¢ continuous function, f :(X,7,,7,,<) > R(l)
suchthat g < f < h.

IF strongly

(iii) 1f A is 7, — increasing |F¢OS and B is
7, —decreasing |FSOS suchthat B < A,

then there exists an 7, and 7, — increasing IF
strongly é’ continuous function

f:(X,7,,7,,<) = I(l)such that
Be f (L)< f'(R) <A
4. TIETZE EXTENSION THEOREM
FOR PAIRWISE ORDERED
INTUITIONISTIC FUZZY
¢c-EXTREMALLY DISCONNECTED

SPACE
Notation 4.1. Let (X,7,,7, <) be an ordered IF

bitopological space and A < X . Then an IFS l//:\ is of the
form < X, ,(X),1 -y, (X) >.

Proposition 4.2. Let (X,7,,7, <) be a pairwise
ordered intuitionistic fuzzy é/ extremally disconnected space
andlet A X suchthat y, is 7, and T, —

increasing IFCOS in (X,7,,7, <). Let

f:(Ar /Az,[A)—>I1(l)ber, and 7, —
increasing IF strongly § continuous function. Then f has an

T, and T, — increasing IF strongly é’ continuous extension
over (X,4).
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