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Abstract: In this paper, a new class of intuitionistic fuzzy topological spaces called pairwise ordered intuitionistic 
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Tietze’s extension theorem and several other properties. 

 

Keywords: intuitionistic fuzzy  extremally disconnected space, intuitionistic fuzzy  space, intuitionistic fuzzy real line, 

intuitionistic fuzzy unit interval, intuitionistic fuzzy continuous function. 

 

1. INTRODUCTION 
After the introduction of the concept of fuzzy sets by Zadeh 

[12], several researches were conducted on the generalisations 

of the notion of fuzzy set. The concept of “Intuitionistic fuzzy 

sets” was first published by Atanassov and many works by the 

same author and his colleagues[1,2 ] appeared in the 

literature. An introduction to intuitionistic fuzzy topological 

space was introduced by Dogan Coker[5]. In this paper a new 

class of  intuitionistic fuzzy topological spaces namely, 

pairwise ordered intuitionistic fuzzy   extremally 

disconnected spaces is introduced by using the concepts of 

ordered fuzzy topology and fuzzy bitopology.  

2. PRELIMINARIES 

 Definition 2.1.[1]. An intuitionistic fuzzy set (IFS, in 

short) A in X is an object having the form 

 XxxxxA AA  /)(),(,  where the functions 

IXA :  and IXA : denote the degree of 

membership (namely ))(xA and the degree of non-

membership (namely ))(xA  of each element Xx to 

the set A on a nonempty set X and 

1)()(0  xx AA  for each Xx . Obviously 

every fuzzy set A on a nonempty set X is an IFS’s A and B be 

in the form  XxxxxA AA  /)(1),(,   

Definition 2.2.[1]. Let X be a nonempty set and the 

IFS’s A and B be in the form 

 XxxxxA AA  /)(),(,  , 

 XxxxxB BB  /)(),(,   and let 

{ : }jA A j J  be an arbitrary family of IFS’s in X. 

Then we define 

(i) BA if and only if )()( xx BA    and 

)()( xx BA    for all Xx . 

(ii) A=B if and only if BA and AB  . 

(iii)  XxxxxA AA  /)(),(,  . 

(iv)  XxxxxxxBA BABA  /)()(),()(,  . 

(v)  XxxxxxxBA BABA  /)()(),()(,   

(vi) }0,1,{1~ Xxx  and

}1,0,{0~ Xxx  . 

Definition 2.3.[5]. An intuitionistic fuzzy topology 

(IFT, in short) on a nonempty set X is a family  of an 

intuitionistic fuzzy set (IFS, in short) in X satisfying the 

following axioms: 

(i) 0~ , 1~  . 

(ii)  21 AA for any A1 , A2  . 

(iii) jA for any  JjA j : . 

In this paper we denote intuitionistic fuzzy topological space 

(IFTS, in short) by  ,X ,  ,Y  or X,Y. Each IFS which 

belongs  to   is called an intuitionistic fuzzy open set (IFOS, 

in short) in X. The complement A of an IFOS A in X is 

called an intuitionistic fuzzy closed set(IFCS, in short). An IFS 

X is called intuitionistic fuzzy clopen (IF clopen) iff it is both 

intutionistic fuzzy open and intuitionistic fuzzy closed. 

Definition 2.4.[5]. Let  ,X  be an IFTS and 

 )(),(, xxxA AA   be an IFS in X. Then the fuzzy 

interior and closure of A are denoted by 

(i) )(Acl {K: K is an IFCS in X and KA }. 

(ii) )int( A {G: G is an IFOS in X and 

AG }. 

Note that, for any IFS A in ),( X , we have 

)int()( AAcl   and )()int( AclA  . 

Definition 2.10.[10].Let A be an IFTS ),( X . Then 

A is called an intuitionistic fuzzy open set( OSIF , in 

short) in X if ))(int(AbclA . 

Definition 2.11.[10]. Let A be an IFTS ),( X . Then 

A is called an intuitionistic fuzzy closed set ( CSIF , in 

short) in X if int( ( )) Ab cl A  . 
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Definition 2.12.[10]. Let YXf :  from an IFTS 

X into an IFTS Y. Then f  is said to be an Intuitionistic 

fuzzy  continuous (IF cont, in short)[11] if 

1( ) (X)f B IF OS   for every B .  

Definition 2.12.[8]. An ordered set on which there is 

given a fuzzy topology is called an ordered fuzzy topological 

space. 

Definition 2.12.[7]. A fuzzy bitopological space is a 

triple ),,( 21 X  where X is a set and 21,  are any 

two fuzzy topologies on X. 

 

3. PAIRWISE ORDERED 

INTUIIONISTIC FUZZY 

 EXTREMALLY DISCONNECTED 

SPACES 

Definition 3.1.  Let ),( X  be an IFTS. Let A be any 

intuitionistic fuzzy  open set (in short, OSIF ) in 

),( X . If  )(AclIF  is IF open, then ),( X  is said 

to be intuitionistic fuzzy  extremally disconnected (in 

short, IF extremally disconnected). 

Proposition 3.2. Let ),( X  is an intuitionistic fuzzy 

 space. Then the following statements are equivalent. 

(i) ),( X  is an intuitionistic fuzzy  extremally 

disconnected space. 

(ii) For each CSIF  set A, we have )int(AIF  

is intuitionistic fuzzy closed.  

(iii) For each OSIF set A , we have 

)())int(( AclIFAIFclIF   . 

(iv) For  each pair of OSIF A and B in ),( X , we 

have 

BAclIF )( , )()( AclFIBclIF    

Proposition 3.3. Let ),( X  be an IFTS. Then 

),( X  is intuitionistic fuzzy  extremally disconnected 

space if and only if for any OSIF  A and CSIF B such 

that BA , )int()( BIFAclIF   .  

Notation 3.4. An IFS which is both OSIF and 

CSIF
 
is called intuitionistic fuzzy  clopen set.  

Remark 3.5. Let ),( X  is intuitionistic fuzzy 

 basically disconnected space. Let }/,{ NiBA ii   be 

collection such that Ai ‘s are OSIF
 
and Bi ‘s are 

CSIF sets. If ji BAA   and ji BBA   for 

all Nji , , then there exists an COGFIF set C such 

that )int()( ji BIFCAclIF    for all 

Nji , . 

Theorem 3.6. Let ),( X  is intuitionistic fuzzy 

 basically disconnected space. Let QqqA }{  and 

QqqB }{  be monotone increasing collections of an 

OSIF  sets and CSIF
 
of ),( X . Suppose that 

21 qq BA   whenever 21 qq   (Q is the set of all rational 

numbers). Then there exists a monotone increasing collection 

QqqC }{  of an COGFIF
 
sets of ),( X  such that 

21 )( qq CAclIF   and 

)int( 21 qq BIFC  whenever 21 qq  . 

Notation 3.7. )(0 AI  denotes increasing intuitionistic 

fuzzy interior of A , )(AI  denotes increasing intuitionistic 

fuzzy closure of A . 

Definition 3.8. Let ),,( X  be an ordered IFTS and 

let A be any IFS in ),,( X , A is called increasing 

IF open if ))(( 0 AIIA . The complement of an 

increasing OSIF  is called decreasing IF closed. 

Definition 3.9. Let ),( X  be an IFTS. For any IFS A 

in ),,( X , 

 )(AI IF
= increasing intuitionistic fuzzy 

 closure of A 

    BB /{  is an increasing 

intuitionistic fuzzy  closed set and AB  }, 

 )(AD IF
= decreasing intuitionistic fuzzy 

 closure of A 

     BB /{  is an decreasing 

intuitionistic fuzzy  closed set and AB  }, 

 )(0 AI IF
= increasing intuitionistic fuzzy 

 interior of A 

    BB /{  is an increasing 

intuitionistic fuzzy  open set and AB  }, 

 )(0 AD IF
= decreasing intuitionistic fuzzy 

 interior of A 

    BB /{  is an increasing 

intuitionistic fuzzy  open set and AB  }, 

 Clearly, )(AI IF
(resp. )(AD IF

) is the 

smallest increasing (resp. decreasing) intuitionistic fuzzy 

 closed set containing A and )(0 AI IF
 (resp. 

)(0 AD IF
) is the largest increasing (resp. decreasing) 

intuitionistic fuzzy  open set contained in A. 
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Proposition 3.10. For any IFS A of an ordered 

intuitionistic fuzzy topological space ),,( X , the 

following statements hold : 

(i) )()( 0 ADAI IFIF    

(ii) )()( 0 AIAD IFIF    

(iii) )()(0 ADAI IFIF    

(iv) )()(0 AIAD IFIF    

Definition 3.11. Let ),,( 21 X  be an ordered IF 

bitopological space. Let A be any 1 increasing (resp. 

decreasing) OSIF  in ),,( 21 X . If  )(
2

AI IF
  

(resp. )(
2

AD IF
  is 2 increasing (resp. decreasing) 

OSIF  in c, then ),,( 21 X  is said to be 1 upper 

( 1 lower) IF extremally disconnected. Similarly we 

can define 2 upper ( 2 lower) IF extremally 

disconnected. An IFTS ),,( 21 X  is said to be pairwise 

upper IF extremally disconnected if it is both 

1 upper IF extremally disconnected and 

2 upper IF extremally disconnected.  Similarly we 

can define pairwise lower IF extremally disconnected. 

An IF bitopological space ),,( 21 X  is said to be 

pairwise ordered IF extremally disconnected if it is 

both pairwise upper IF extremally disconnected and 

pairwise lower IF extremally disconnected. 

Proposition 3.12. For an ordered IF  bitopological 

space ),,( 21 X  the following statements are 

equivalent: 

(i) ),,( 21 X  is pairwise upper 

IF extremally disconnected 

(ii) For each 1 decreasing CSIF A, 

)(0

2
AD IF

  is 2 decreasing CSIF  

A, )(0

1
AD IF

  is 1 decreasing IF closed. 

(iii) For each 1 increasing OSIF A, 

)(())((
222

AIAID IFIFIF 






  . Similarly, for 

each )(())((
111

AIAID IFIFIF 






  . 

(iv) For each pair of a 1 increasing 2 increasing 

OSIF A and 1 decreasing OSIF B in 

),,( 21 X  with BAI IF )(
2


 , 

)()(
22

AIBD IFIF 



  . Similarly, for each pair 

of a 2 increasing OSIF A and 

2 decreasing OSIF B in ),,( 21 X  

with BAI IF )(
1


 , )()(

11
AIBD IFIF 




  .  

Proposition 3.13. Let ),,( 21 X  be an ordered IF 

bitopological space. Then ),,( 21 X  is pairwise 

ordered IF extremally disconnected space if and only if 

for a 1 decreasing OSIF A and 2 decreasing 

CSIF  B such that BA  , we have 

)()( 0

11
BDAD IFIF 




  . 

Notation 3.14. An ordered IFS which is both decreasing 

(resp. increasing) OSIF  and CSIF  is called a 

decreasing (resp.increasing) COSIF . 

Remark 3.15. Let ),,( 21 X  be a pairwise upper 

IF extremally disconnected space. Let 

}/,{ NiBA ii   be a collection such that Ai ‘s are 

1 decreasing OSIF , Bi ‘s are 2 decreasing 

CSIF  and let BA,  be 1 decreasing OSIF  and 

T2-increasing OSIF respectively. If ji BAA   and 

ji BBA   for all Nji , , then there exists a 1  

and 2 decreasing COSIF  C such that 

)()( 0

11 j

IF

i

IF BDCAD 



   for all Nji , . 

Proposition 3.16. Let ),,( 21 X  be a pairwise 

ordered IF extremally disconnected space. Let 

Qqq )(A     and 
Qqq )(B 

 be the monotone increasing 

collections of  1 decreasing OSIF  and 

2 decreasing CSIF  of  ),,( 21 X  respectively 

and suppose that 
21 qq BA  whenever 21 qq   (Q is the 

set of rational numbers). Then there exists a monotone 

increasing collection 
Qqq )(C   of  1  and 2 decreasing 

COSIF  of ),,( 21 X  such that 

211
)( q

IF CAD
q


  and )(

211

0

q

IF

q BDC 
  whenever 

21 qq  . 

Definition 3.17. An intuitionistic fuzzy real line is the 

set of all monotone decreasing IFS RA   satisfying 

~1}:)({ ttA  and ~0}:)({ ttA  

after the identification of an IFSs  )(, IBA   if and 

only if A(t-)=B(t-) and A(t+)=B(t+) for all t  where 

}:)({)( tssAtA    and 

}:)({)( tssAtA   . 

The intuitionistic fuzzy unit interval )(II  is a subset of 

)(I  such that )(][ IIA  if the membership and 
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nonmembership of an IFS line )(I RA   are defined 

by 

 










1,0

0,1
)(

t

t
tA      and     










1,1

0,0
)(

t

t
tA  

respectively. 

The natural intuitionistic fuzzy topology on )(I  is 

generated from the subbasis }:,{ tsRL tt   where 

I(I)(I)  :Rt,Lt   are given by )(][  tAALt
 

and )(][  tAARt  respectively. 

Definition 3.18. Let ),,( 21 X  be an ordered IF 

bitopological space. A function )(: IXf   is said to 

be lower (resp. upper) intuitionistic fuzzy  continuous 

function if ))()(( 11

tt Lff    is an OSIF  set, for 

each  

Notation 3.19. Let X be any nonempty set and 

XA  . Then for Xx ,  )(),( xx AA   is 

denoted by A~. 

Proposition 3.20. Let ),,( 21 X  be an ordered IF 

bitopological space ,
XA   be an 1 IFS,  and let 

)(: IXf   be such that 

















1,0

10,

0,1

))((

~

~

~

t

tA

t

txf   for all Xx  and t . 

Then f  is 1  lower(resp.upper) intuitionistic fuzzy 

 continuous function if and only if A is an 1 increasing 

or 1 decreasing OSIF . 

Definition 3.21. Let ),,( 21 X  be an ordered IF 

bitopological space. The characteristic function of IFS A in X 

is the function )(: IIXA   defined by 

~)( AxA  , Xx . 

Proposition 3.22. Let ),,( 21 X  be an IFTS and 

let 
XA   be an 1 IFS. Then A  is 1 lower 

(resp. 1 upper) continuous if and only if A is an 

1 increasing or 1 decreasing OSIF . 

Proof. The proof follows from Proposition 4.1. 

Definition 3.23.  Let ),,( 21 X  and 

),,( 21 Y  be ordered IF bitopological spaces. A 

function ),,(),,(: 2121  YXf    is called 

1 increasing (resp. 1 decreasing)  intuitionistic fuzzy 

strongly  continuous (in short, 1 increasing(resp. 

1 decreasing)IFstrongly strongly  continuous ) if 

)(1 Af 
 is 1 increasing (resp. 1 decreasing)  

IF clopen in ),,( 21 X  for every S1  and S2 

OSIF  in ),,( 21 Y . If f  is both 1 increasing 

and 1 decreasing IFstrongly  continuous, then it is 

called ordered 1 IF strongly  continuous. 

Proposition 3.24. Let ),,( 21 X  be an ordered IF 

bitopological space. Then the following statements are 

equivalent. 

(i) ),,( 21 X  is pairwise ordered 

IF extremally disconnected . 

(ii) If )(:, IRXhg  , g is 1 lower 

IF continuous function, h is 2 upper 

             IF continuous function and hg  , then there 

exists an 1  and 2  increasing   IF strongly 

 continuous function,  )(),,,(: 21 IRXf   

such that hfg  . 

(iii)  If A  is 2  increasing OSIF and B is 

1 decreasing OSIF such that AB  , 

 then there exists an 1  and 2  increasing IF 

strongly  continuous function  

 )(),,,(: 21 IIXf  such that 

ARfLfB   )()( 0

1

1

1
. 

4. TIETZE EXTENSION THEOREM 

FOR PAIRWISE ORDERED 

INTUITIONISTIC FUZZY 

 EXTREMALLY DISCONNECTED 

SPACE 

Notation 4.1. Let ),,( 21 X  be an ordered IF 

bitopological space and XA . Then an IFS 
*

A  is of the 

form  )(1),(, xxx AA  . 

Proposition 4.2. Let ),,( 21 X  be a pairwise 

ordered intuitionistic fuzzy  extremally disconnected space 

and let XA  such that 
*

A  is 1  and 2  

increasing OSIF  in ),,( 21 X .  Let 

)()/,/,(: 21 IIAAAf   be 1  and 2  

increasing IF strongly  continuous function. Then f   has  an 

1  and 2  increasing IF strongly  continuous extension 

over ),( X . 
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