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Abstract: Dijkstra algorithm is a widely used algorithm to find the shortest path between two specified nodes in a network problem. In 

this paper, a generalized fuzzy Dijkstra algorithm is proposed to find the shortest path using a new parameterized defuzzification 

method. Here, we address most important issue like the decision maker’s choice. A numerical example is used to illustrate the 

efficiency of the proposed algorithm. 
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1. INTRODUCTION 
The shortest path problem (SPP) is the heart of a network’s 

flow. In real life network, the main objective is to send the 

product with efficiently and with minimum budget between 

two predefined nodes. Dijkstra algorithm [9] is a widely used 

algorithm to find the shortest path between two specified 

nodes in a network problem. Crisp numbers are used to 

represent the costs traversing of edges to the network 

problem. Due to price fluctuation, bad weather and traffic 

problem, the information related to the edges of the network 

are vague in nature.  To address this vagueness, Zadeh [1] was 

introduced the concept of fuzzy set. In last three decades, 

numerous research papers have been published in the domain 

of shortest path problem (SPP). Okada et al. [2] proposed 

possibility theory to solve the fuzzy SPP. Keshavarz et al. [3] 

demonstrated the techniques to convert generalized the fuzzy 

SPP in to a bi-level programming problem and its solution. A 

multiple constraint network problem was solved by Dou et al. 

[4]. Deng et al. [5] proposed Dijkstra algorithm using the 

ranked mean integration definition of fuzzy numbers to solve 

fuzzy SPPs. Furthermore, some works [6,7] based on 

heterogeneous forms of heuristic algorithm-based fuzzy arc 

values in network have been done. But decision makers 

choice was missing. Nayeem et al. [8] addressed decision 

makers choice in their work. In this paper, we have proposed 

parameterized fuzzy Dijkstra algorithm to solve fuzzy shortest 

path problem. In this fuzzy shortest path problem, the length 

of the edges is represented by generalized trapezoidal fuzzy 

number. A new defuzzification method is discussed based on 

total  -integral value.  Here decision maker can take a 

decision according their choice based on the value of the 

parameter  . 

2. MATHEMATICAL PRELIMINARIES 

2.1 Fuzzy Set 
Let X denotes a universal set. Then the fuzzy subset A  in 

X is a subset of order pairs ( )( ) , :
A

A x x x X= %
%  where 

: 0,1
A

X →  % is called the membership function which 

assigns a real number ( )A
x % in the interval 0,1    to each 

element x X . A is non-fuzzy and  ( )A
x % is identical to the 

characteristic function of crisp set. It is clear that the range of 

membership function is a subset of non-negative real 

numbers. 

2.2 Generalized Fuzzy Number (GFN) 
The generalized fuzzy number °A is a fuzzy subset of real 

line R , whose membership function ° ( )A
x  satisfies the 

following conditions: 

( )1 ° ( )A
x is a continuous mapping from R  to the closed 

interval [0,1] . 

( )2 ° ( ) 0
A

x = where x a−   ; 

( )3 ° ( )A
x is strictly increasing with constant rate on [ , ]a b  

( )4 ° ( )A
x w = where b x c  ; 

( )5 ° ( )A
x is strictly decreasing with constant rate on [ , ]c d ; 

( )6 ° ( ) 0
A

x = where d x  . 

Note: °A is a convex fuzzy set. It will be normalized for 

1w= . 

If w = 1, the generalized fuzzy number °A is called a 

trapezoidal fuzzy number (TrFN) denoted 

° ( ), , ,A a b c d= . 

( )i  If a b= and c d= , then °A is called crisp interval [ , ]a b  . 

( )ii If b c= , then °A is called a generalized triangular fuzzy 

number (GTFN) as ° ( ), , ;A a b c w=  

( )iii If b c= , 1w=  then it is called a triangular fuzzy 

number (TFN) as ° ( ), ,A a b c= . 
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( )iv  If a b c d= = = and 1w= , then °A is called a real 

number a . 

2.3 Generalized Trapezoidal Fuzzy 

Number (GFN) 

A GTrFN ° ( ), , , ;A a b c d w  is a fuzzy set of the real line 

R whose membership function ° : [0, ]
A

R w →  is defined as  

° ( )

° ( )

° ( )

0

w
L A

w
A

w
R A

x a
x w for a x b

b a

w for b c c
x

d x
x w for c x d

d c

otherwise







 − 
=   

− 
  

= 
−  =    − 




 

where a b c d    and (0,1]w  

( )x  

 

 

 

 

                                    b  

Figure 1: Two generalized trapezoidal fuzzy number 
° °A and B  

Figure 1 shows two different GTrFNs ° ( ), , , ;A a b c d w and 

° ( ), , ,A a b c d  which denote two different decision maker’s 

opinions for different values of ,0 1.w w   The values of w  

represents the degree of confidence of the opinion of the 

decision maker.  

2.4 Defuzzification of Fuzzy Numbers with 

Respect to Their Total Integral Value 
Let [0,1]   be a pre-assigned parameter called the degree of 

optimism. The graded mean[10] value (or, total  -integral 

value) of °A is defined as °( ) °( ) ( ) °( )1R LI A I A I A  = + −  

where °( )RI A and °( )LI A are the right and left interval values 

of °A defined as 

°( ) °( )
1

0

w
w w
L LA

I A d w  
− 

=  
 
  

°( ) °( )
1

0

w
w w
R RA

I A d w  
− 

=  
 
  

Now, for GTrFN ° ( ), , , ;A a b c d w  

°( ) ( )
1

w
LA

a b a
w


 

−
= + − and °( ) ( )

1
w
R A

d d c
w


 

−
= − −  

Therefore, the left and right integral values are 

°( )
2

w
L

a b
I A

+ 
=  
 

 and °( )
2

w
R

c d
I A

+ 
=  
 

 

Hence the total  -integral value of °A is  

°( ) ( )1
2 2

w c d a b
I A  

 + +   
= + −    

    
 

The total  -integral value is a convex combination of the 

right and left integral values through the degree of optimism. 

The left integral value is used to reflect the pessimistic 

viewpoint and the right integral value is used to reflect the 

optimistic viewpoint of the decision-maker. A large value of 

  specifies the higher degree of optimism. For instance, 

when 1 = , the total integral value 

°( ) °( )1
2

w w
R

c d
I A I A

+ 
= = 
 

represents an optimistic viewpoint. 

On the other hand, when 0 = , the total  -integral value is 

°( ) °( )0
2

w w
L

a b
I A I A

+ 
= = 
 

 represents a pessimistic 

viewpoint. When 0.5 =  the total  -integral is  

°( )0.5
4

w a b c d
I A

+ + + 
=  
 

. It reflects a moderately optimistic 

decision-makers viewpoint and is the same as the 

defuzzification of the fuzzy number °A . 

3. PROPERTIES 

Property: 3.1 

( )a  If GTrFN ° ( )1 2 3 4, , , ;U u u u u w=  and y ku= (with 0k  ) 

then % %y ku=  is a GTrFN ( )1 2 3 4, , , ;ku ku ku ku w . 

( )b  If y ku= ( with 0k  ) then % %y ku=  is a 

GTrFN ( )1 2 3 4, , , ;ku ku ku ku w . 

Proof: 

( )a When 0k   with the transformation y ku= , we can find 

the membership function of fuzzy set % %y ku=  by  -cut 

method. 

 -cut of °U  is  

°( ) °( ) ( ) ( )
1 1

1 2 1 4 4 3, ,w w
LU RU

u u u u u u
w w

 
   

− −   
= + − − −   
  

 for any [0,1]   

i.e. ( ) ( )1 2 1 4 4 3,u u u u u u u
w w

  
 + − − − 
 

 

So ( ) ( ) ( )1 2 1 4 4 3,y ku ku ku ku ku ku ku
w w

  
=  + − − − 

 
. 

Thus, we get the membership function of % %y ku=  as  

1 

 

 

0.8 

a  

 

       

c  d  

 

°B  

 
°A  

 

 

0 

O 
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%( )

1
1 2

2 1

2 3

4
3 4

4 3

0

w
y

y ku
w for ku y ku

ku ku

w for ku y ku
x

ku y
w for ku y ku

ku ku

otherwise



  −
   

− 
  

= 
 −

   − 


 

( )b  Similarly, we can prove that y ku= , 0k   then  

%( )

1
2 1

2 1

3 2

4
4 3

4 3

0

y

y ku
w for ku y ku

ku ku

w for ku y ku
x

ku y
w for ku y ku

ku ku

otherwise



  −
   

− 
  

= 
 −

   − 
  

Property 3.2 

 If  ° ( )1 1 1 1 1 1, , , ;A a b c d w=  and ° ( )2 2 2 2 2 2, , , ;A a b c d w=  then 

° °
1 2A A  is a fuzzy number 

( )( )1 2 1 2 1 2 1 2 1 2, , , ;min ,a a b b c c d d w w+ + + + . 

Proof: 

With the transformation 1 2y x x= +  we can find the 

membership function of fuzzy set %° °
1 2y A A=   by  -cut 

method. 

 - cut of °1A  is 

°( ) °( ) ( ) ( )1 1

1 1

1 1

1 1 1 1 1 1
1 1

, ,
w w

LA RA
a b a d d c

w w

 
   

− −   
= + − − −  

   

 0,1   

i.e. ( ) ( )1 1 1 1 1 1 1
1 1

,x a b a d d c
w w

  
 + − − − 
 

. 

 -cut of °2A is 

°( ) °( )

( ) ( )

1 1

2 2

1 1

2 2 2 2 2 2
2 2

,

,

w w

LA R A

a b a d d c
w w

   

 

− − 
 
 

 
= + − − − 
 

 0,1   

i.e. ( ) ( )2 2 2 2 2 2 2
2 2

,x a b a d d c
w w

  
 + − − − 
 

. 

So, ( )
( ) ( )( )

( ) ( )( )

1 2 1 1 2 2

1 2

1 2 1 1 2 2

,a a b a b a
w

y x x

d d d c d c
w





 
+ + − + − 

= +   
 

+ − − + −
  

where 

( )1 2min ,w w w= . Therefore, we have  

1 2

1 2 1 2

,
y a a

w
b b a a


 − −

=  
+ − − 

1 2 1 2a a y b b+   + , and 

1 2

1 2 1 2

,
d d y

w
d d c c


 + −

=  
+ − − 

1 2 1 2c c y d d+   +  

So, we have the membership function of %° °
1 2y A A=   is  

%( )

1 2
1 2 1 2

1 2 1 2

1 2 1 2

1 2
1 2 1 2

1 2 1 2

0

y

y a a
w for a a y b b

b b a a

w for b b y c c
x

d d y
w for c c y d d

d d c c

otherwise



  − −
+   +  

+ − − 
 +   +

= 
 + −

+   +  + − − 


 

Thus we have  
° ± ( )( )1 2 1 2 1 2 1 2 1 2 1 2, , , ;min ,A A a a b b c c d d w w = + + + + .Note: If 

we have the transformation % ° ±
1 1 2 2y k A k A=   ( 1 2,k k are (not 

all zero) real numbers) then the fuzzy set % ° ±
1 1 2 2y k A k A=   is 

the following GTrFN: 

(i) 1 20, 0k k   or  1 20, 0k k   

%( )1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2, , , :y k a k a k b k b k c k c k d k d w= + + + +  

(ii) 1 20, 0k k  or 1 20, 0k k  , 

%( )1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2, , , :y k a k d k b k c k c k b k d k a w= + + + +  

(iii) 1 20, 0k k  or 1 20, 0k k  , 

%( )1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2, , , :y k d k d k c k c k b k b k a k a w= + + + +
 

4. DIJKSTRA’S ALGORITHM 
Let ( , )G V E= be a connected graph. Let a and b be any two 

vertices of G where ' 'a is the starting point and b be the ending 

point. Let ( )L x denote the label of the vertex ' 'x which 

represents the length of the shortest path form the vertex ' 'a  to 

' 'x denote the weight of the edge ( ),ij i je v v=  

Step 1: Let P = , where P is the set of vertices having 

permanent labels and T = {all vertices of the graph G }. 

Initially set the permanent label to 

( ) ( ), . ., 0,a i e L a L x x T= =   and x a . 

Step 2: Select the vertex v  in T  which has the smallest 

label, which is called the permanent label of ( )( ). ., ;v i e u v  

then ( )  andP PU v T T v= = −  

Then find the smallest label inT  .The new label of vertex x  

in T  is 

( ) ( ) ( ) ( ) min old , ,L x L x L v w v x= +  
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5. APPLICATION TO AIRPORT’S 

CARGO GROUND OPERATION 

SYSTEM 
As the volume of cargo traffic has grown and the demand for 

cargo transport continues to rise, surface congestion has 

become an increasing problem, within an airport’s cargo 

terminal. If an airport terminal’s internal operations and 

service systems are inefficient, there will be a delay in ground 

operations. Therefore, cargo operations time needs to be 

shortened and passengers’ luggage must be processed before 

cargo goods in order to maintain customer satisfaction. 

Fig.2.shows an international airport cargo terminal’s ground 

operation procedures network. With the set of nodes 

 N A,B,C,D,E,F= , the fuzzy activity time for each activity 

is shown in table 1. 

Table 1: Fuzzy activity time for each activity 

Activity  Fuzzy activity time  − Integral Value 

A B−  (1,3,3,7;0.8) ( )4 1 1.6 + −  

A C−  (2,3,3,4;0.6) ( )2.1 1 1.5 + −  

B C−  (3,5,6,8;0.8) ( )5.6 1 3.2 + −  

B E−  (2,4,5,6;0.8) ( )4.4 1 1.6 + −  

C D−  (1,3,3,4;0.8) ( )2.8 1 1.6 + −  

B D−  (1,2,3,6;0.6) ( )2.7 1 0.9 + −  

D E−  (1,3,4,5;0.6) ( )2.7 1 1.2 + −  

D F−  (1,2,2,5;0.8) ( )2.8 1 1.2 + −  

E F−  (4,5,5,8;0.8) ( )5.2 1 3.6 + −  

 

Fig-2. Airport cargo terminal’s ground operation network 

 

Activit

y 
 − Integral Value 

0 =

 

0.25 =

 

0.5 =

 

0.75 =

 

1.0 =

 

A B−  1.6 2.2 2.8 3.4 4 

A C−  1.5 1.65 1.8 1.95 2.1 

B C−  3.2 3.8 4.4 5 5.6 

B E−  1.6 2.3 3 3.7 4.4 

C D−  1.6 1.9 2.2 2.5 2.8 

B D−  0.9 1.35 1.8 2.25 2.7 

D E−  1.2 1.575 1.95 2.325 2.7 

D F−  1.2 1.6 2 2.4 2.8 

E F−  3.6 4 4.4 4.8 5.2 

 

Solution: Now using Dijkstra’s algorithm to find the shortest 

path from vertex A to vertex F for 0 = integral value. 

Step 1: P = and  , , , , ,T A B C D E F=  

Let the label of ( ), . , 0A i e L A = and ( ) ( )L x x T x A=     

Step 2: ,V A= the permanent label is ( ) 0L A =  

     and , , , ,P A T B C D E F= =  



( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

 

min old , , min ,0 1.6 1.6

 

min old , , min ,0 1.5 1.5

 min old , , min ,0

L B

L B L A w A B

L C

L C L A w A C

L D

L D L A w A D

=

+ =  + =

=

+ =  + =

=

+ =  +  = 

 

Similarly, ( ) ( )L E L F= =   

We see that the minimum label is ( ) 1.5L C =  

Step 3: ,V C= the permanent label is ( ) 1.5L C =  

    , and , , ,P A C T B D E F= =  


 

( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

 min old , , min 1.6,1.5 1.6

 min old , , min ,1.5 1.6 3.1

 min old , , min ,1.5

 min old , , min ,1.5

L B

L B L C w C B

L D

L D L C w C D

L E

L E L C w C E

L F

L F L C w C F

=

+ = +  =

=

+ =  + =

=

+ =  +  = 

=

+ =  +  = 

 

We see that minimum label is ( ) 1.6L B = . 

Step 4: ,V B= the permanent label is ( ) 1.6L B =  

    , ,  and , ,P A B C T D E F= =  


( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

 

min old , , min 3.1,1.6 0.9 2.5

 min old , , min ,1.6 1.6 3.2

 

min old , , min ,1.6

L D

L D L B w B D

L E

L E L B w B E

L F

L F L B w B F

=

+ = + =

=

+ =  + =

=

+ =  +  = 

 

Hence, the minimum label is ( ) 2.5L D = . 

Step 5: ,V D= the permanent label is ( ) 2.5L D =  

    , , , and ,P A B C D T E F= = . 
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
( )

( ) ( ) ( )   

( )

( ) ( ) ( )   

 

min old , , min 3.2,2.5 1.2 3.2

 

min old , , min ,2.5 1.2 3.7

L E

L E L D w D E

L F

L F L D w D F

=

+ = + =

=

+ =  + =

 

Hence, the minimum label is ( ) 3.2L E =  

Step 6:V E= the permanent label is ( ) 3.2L E =  

    , , , , and P A B C D E T F= =  

 
( ) ( ) ( ) ( ) 

 

 min old , ,

min 3.7,3.2 3.6 3.7

L F L F L E w E F= +

= + =
 

Hence, the permanent label of F is 3.7 which is the shortest 

path distance from the vertex ' 'A  to ' 'F  

 
Fig-3. Optimum shortest path of Airport cargo terminal’s ground 

operation network for Integral Value 0 =  

Using Dijkstra’s algorithm, the optimum solution are as 

follows for different  − integral value  

 
Fig-4. Optimum shortest path of Airport cargo terminal’s 

ground operation network for Integral Value 0.25 =  

 
Fig-5. Optimum shortest path of Airport cargo terminal’s ground 

operation network for Integral Value 0.5 =  

 
Fig-6. Optimum shortest path of Airport cargo terminal’s 

ground operation network for Integral Value 0.75 =  

 
Fig-7. Optimum shortest path of Airport cargo terminal’s 

ground operation network for Integral Value 1.0 =  

The optimal solution of the fuzzy project network model for 

different values of   are presented in table 2. 

Table 2. optimal solution of the fuzzy Airport cargo 

terminal’s ground operation network 

Test Critical Path Duration 
Model 

Figure 

Optimistic i.e 

1 =  

A-C-D-F 7.7 Fig-7 

About 

optimistic i.e 

0.75 =  

A-C-D-F 6.85 
Fig-6 

Moderate i.e 

0.5 =  

A-C-D-F 6 Fig-5 

About 

pessimistic i.e 

0.25 =  

A-C-D-F 5.15 
Fig-4 

Pessimistic i.e 

0 =  

A-B-D-F 3.7 Fig-3 

6. CONCLUSION 
This paper presents a simple approach to solve a Cargo 

network problem with fuzzy number (generalized trapezoidal 

fuzzy number) activity times that are more realistic than crisp 

ones. On the basis of  − integral value, the fuzzy Cargo 

network problem is transformed into a crisp Cargo network 

problem. We than solved the cargo problem by Dijkstra’s 

algorithm. Here decision maker may obtain the optimal 

project duration according to his/her expectations of 

optimistic/pessimistic/moderate  
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